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PREFACE. 



The first edition of this work was based upon the 
theory advanced by Prof. Weyrauch in 1878, but owing 
to the length of the demonstrations used by him, it 
was thought advisable to present different and shorter 
demonstrations in this edition. To show that the new 
demonstrations give identical results with those obtained 
by Prof. Weyrauch, his demonstrations have been given in 
an appendix as they appeared in the first edition. 

The new demonstrations are based upon the theory first 
advanced by Prof. Rankine in 1858. Those readers who 
are familiar with Rankine's Ellipse of Stress can omit 
pages 27 to 35, inclusive, in following the demonstrations. 

An attempt has been made to present the theory in a 
shape easily followed by those who have only a knowledge 
of algebra, geometry, and trigonometry; whenever cal- 
culus has been resorted to, the work has been simplified as 
much as possible. For convenience in practice, the formu- 
las have been arranged in a condensed shape in Part I, 
and are followed by numerous examples illustrating their 
application. 

The values of various coeflScients have been computed 
and tabulated and will be found to very materially decrease 
the labor of substitution in the formulas. 



VI PREFACE. 

It is hoped that the introduction of a brief treatment of 
the supporting power of earth in the case of foundations, 
as well as the formula for determining the breadth of the 
base of a retaining-wall, will prove acceptable. 

For valuable help in the verification of proofs of formu- 
las, and the critical reading of the whole text, I acknowl- 
edge the kind assistance of Prof. Thos. Gray. 

M. A. H. 

Terre Haute, Ind., March, 1891. 



NOMENCLATURE. 



= the angle of repose, or the maximum angle which 
any force acting upon any plane within the mass 
of earth can make with the normal to the plane, 
e = the angle made hy the surface of the earth with the 
horizontal ; e is positive when measured above and 
negative when measured heloto the horizontal. 
a = the angle which the back of the wall makes with 
the vertical passing through the heel of the wall ; 
a i& positive when measured on the left and nega- 
tive when measured on the right of the vertical. 
6 = the angle which the direction of the resultant earth- 
pressure makes with the horizontal. 
0' = the angle of friction between the wall and its foun- 
dation. 
0" = the angle of friction between the back of the wall 

and the earth. 
H = the vertical height of the wall in feet. 
h = the depth of earth in feet which is equivalent to a 
given load placed upon the surface of the earth. 
B' = the width in feet of the top of the wall. 
B = the width in feet of the base of the wall. 
Q = the distance in feet from the toe of the wall to the 
point where R cuts the base. 



Vlll NOMENCLATURE, 

P = the resultant earth-pressure in pounds against a ver- 
tical wall. 

E = the resultant earth-pressure in pounds against any 
wall. 

R = the resultant pressure in pounds on the base of the 

wall. 
O = the total weight in pounds of material in the wall. 
y = the weight in pounds of a cubic foot of earth. 
W = the weight in pounds of a cubic foot of wall. 
p = the intensity of the pressure in pounds on the base 

of the wall at the toe. 
p' = the intensity of the pressure in pounds on the base 

of the wall at the heel. 
p^ = the average intensity of the pressure in pounds on 

the base of the wall. 
x = H tan a. 
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FORMULAS FOR EARTH-PRESSURE. 

In the following formulas a and e are considered as 
posilivey and the wall is assumed to be one foot long. 

Case I. General case of inclined earth-surface and in- 
clined back of wall. 

/i cos' a cos € 

8in« g + cosUe- g) J ^^^^^ V cos* e - cos^ <p )* 
( cos € -\- 4/cos* e — cos* ) 

, f. . . , . 1 cos e — |/cos* e — cos* <p ) ^ ^ ' 
+ 3sin e8mgco8(e — g) -j ^ ^ v 

( cos e + j/cos'' e — cos" <p ) 




or 



E=^{B) V(C) + (/>).!' + (A')^. . (1') 



- sin a cos e + sin e cos (e — a)A ,^ v 

tan o = . ^ '—; . (la) 

cos € cos (e — a) A 

or tan d = 7 r-j 4- tan e, .... (I'a) 

cos (e — a)A ^ ' 
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where 

. cos e — locos' € — cos* cb , ^ 

^ = cos 6 — ... (a) 

cos € + r COS* € — cos* 

Case II. Surface of earth inclined ayid a = 0, 



^ ( COS € + I^COS* € — ■ COS* ) 



(2) 



Prom Diagram I the values of A can be found for all 
yalues of ^^ from 0° to 90° and of e from 0° to 90% vary- 
ing by 6°. 

d = e\ (2rt) 

or for all vertical walls the direction of the earth-pressnre 
is parallel to the surface of the earth. 
' Case III. The surface of the earth parallel to the surface 
of repose, 

€ = 0. 

^ __ Wy cos (0 -- a) w'sin' a + cos* {(p - a) ^ .^. 

2 cos* a cos ^ + ^ sin a sin cos (0 —a)' 

tan <y = ^il^^^^"-^^^^. . .(3a) 
cos COS {(p — a) ^ ' 

Case IV. 77<e surface of the earth parallel to the surface 
of repose and the hack of the wall vertical. 

6 = and or = 0. 



<J = 0. (4a) 



B=^^cos(f> (4) 
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Case V. Tlie surface of the earth horizontal. 
€ = 0. 

E = ^ |/tan' a + tan* ^45° - ^. . (5) 

. ^ tan <T 

tan (^ = :rr (5a) 

Case VI. The surface of the earth horizontal and the 
hack of the wall vertical, 

€ = and a = 0. 

^=^tan»(45°~|) .... (6) 

6 = {6a) 

Case VII. Fluid pressure. 

6=0 = 0. 

F=^ (7) 

2 cos a ^ ' 

S=a {la) 

Graphical CoNstRUCTioxs for determining the 
Thrust of Earth. 

The following constructions are perfectly general, and 
apply to any plane within a mass of earth. When applied 
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for determining the thrust of earth against a retaining-wall, 
a and e are taken as positive, 

* Construction (a). 
Let BE represent the surface of the earth and BA the 
back of the wall. Draw AF parallel to BE, and at any 
point D in AF lay off DF equal to the vertical DE. Draw 




Fig. 1. 

FG hx)rizontal, and FIf, making the angle with DF, 
With any point / in DF describe the arc KI tangent to 
HF at / cutting FG at K, and draw GL parallel to KJ; 
with L as a centre and XF as radius, describe the circum- 
ference FQON cutting AD at JNT. Through iV^draw NO 

* See **Theorie desErddriickes auf Grund der neueren Anschau- 
ungen," by Prof. Weyrauch, 1881. 
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parallel to AB cutting the circumference FQON at 0; 
at A draw A C equal to OG and normal to AB; the area 
of the triangle ABC multiplied by y will be the thrust of 
the earth on the wall. 

To determine the direction of the thrust B, prolong OG 
to Q; then ^iV will be the direction of the thrust. 

This thrust acts on the wall at ^AB below B. 

* Construction (b). 
Let BQ represent the surface of the earth, and BA the 
back of the wall. Draw AD parallel to BQ, and at any 




Fig. 2. 

point D in AD draw the vertical DG equal to the normal 
DQ; draw DM making the angle with the normal DQ, 

* Tbis coustructiou follows directly from R ankine's Ellipse of 
jjee Pankine's Applied M^chanics^^^^^^^^^^^ 
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At any point «7 in /)§ as a centre, describe the arc /^tan- 
gent to DM cutting DG at K, and draw GL parallel 
to JK. Bisect the angle QLGy and at A draw A P paniUel 
to LR. Ki A draw AN normal io AB and equal to DL\ 
with iV as a centre and AN Vi,^ radius, describe an arc 
AP cutting AP at P\ connect P and N, and make NO 
equal to LG; with ^ as a centre and J as a radius, de- 
scribe the arc 0(7 cutting ^iV^at C; then the area of the 
triangle ABO multiplied by y will be the thrust against 
the wall. The direction of this thrust is parallel to -4 
and it is applied at ^AB below B. 

The constructions (a) and (b) give identical results in 
every case. 

Trapezoidal and Triangular Walls, 

Formulas for the width of the base of trapezoidal walls 
under the condition that the resultant R cuts the base at 
a point distant from the toe of the wall equal to one third 
the width of the base, or Q = ^B. 

Case I. 27ie general case in which the back of the tvall 
is inclinedy and E makes an a7igle with the horizontal. 

= ^ (h cos <y + a; sin s\ + %B'x +B'\ . (8) 

Cask II. The back of the wall vertical. 
x = 0. 

B' + b{^^^^ + B') = ^costf + 5". (9) 
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Case III. The back of tJie wall vertical and the thrust 
normal to the wall, 

X = and 6 = 0. 



2E 



(10) 




E-«-T 



Fig. 8. 



It B = B' and x = 0, the section of the wall is a rec- 
tangle, and (9) becomes 



4:E 2E 

B' + B-^,6m6 = -^Q0Q6, . . . (9a) 



and (10) becomes 






(lOa) 
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Formnlas for the width of the base of triangular walls 
under the condition that the resultant R cuts the base at 
a point distant from the toe of the wall equal to one third 
the width of the base, or ^ = \B. 

Case I. 21ie general case in which the hack of the wall 
is inclined, and E makes an angle with the horizontal, 

^' + ^ (^8in tf - a;) = -^ (^cos tf + a: sin 6). (11) 

Case II. Tlie hack of the wall vertical. 
a = 0. 

^" + ^(^Bind)=^cos<J, • • (12) 

Case III. Tlie lack of the wall vertical, and the thrust 
normal to the wall. 

a; = and d = 0. 

B=\^- (13) 

The aiove formnlas do not contain the condition that R 
shall not make an angle greater than 0' with the normal to 
the base of the tvall. 

From Fig. 3, 

tan0'>^|f?,i|^ = tani:/ir, . . (14) 

which expresses the condition tinker which the wall will 
not slide, 
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Depth of Foundations. 

Case I. When the intensity of the pressure on the earth 
is uniform. 

Letting x' equal the depth of the foundation below the 
surface^ 



;;„(! - sin 0)' 



(1 + sin 0)V - Fr(l - sin (p^ ' ' 
when the weight of the foundation is included; and 



(15) 



,'= l\jr^typ.,, . . . (16) 

( 1 + sin (p ) y ' 

when the weight of the foundation is not included. 

x' is the minimnm depth to tohich the foundation must 
he extended for equilibrium. Tlie actual depth should be 
based upon the minimum value which is likely to have 
under any condition of the earth. 

Case IL When the intensity of the pressure on the earth 
is uniformly varying. 

^,^?..(i^0r, (19) 

y I -\- sm ^ ^ 

where x^ is the minimum depth to which the foundation 
must be extended for equilibrium; 

1 _ sin _ 
"^^ 3 1 + sin' </>' ^^^^ 

where x^ is the maximum distance from the centre of the 
base of the foundation to the point where the resultant 
pressure cuts the base of the foundation. 
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Abutting Power of Earth. 

^ {xy r 1 + sip 

2 1 - sin 0' • • 



(21) 



where P represents the maximum resultant pressure which 
horizontal earth can resist, when P is applied against i\ 
vertical plane of the depth x'. 

APPLICATIONS. 

The determination of the earth-pressure by the pre- 
ceding formulas and graphical constructions is a very 
simple operation when the angle has been determined or 
assumed. That care and judgment be used in assuming 
the vahie of is very important, since a change of a few 
degrees in the value of sometimes causes a large change 
in the value of E, An inspection of Diagram I shows that 
the value of the coeflBcient A increases very rapidly as 
decreases. 

When the earth to be retained contains springs, the 
bank must be thoroughly drained if it is to be retained by 
an economical tight wall; if it is not drained, the angle 
will be likely to become very small as the earth becomes 
wet. 

When the location of the earth to be retained is sub- 
jected to jars, the value of will be decreased. 

Hence, in assuming the value of 0, the engineer must be 
sure that the value assumed will be the least value which, 
in his judgment, it is likely to have. 

In constructing the wall the judgment and authority of 
the engineer must again be exercised in order that the wall 
be constructed as designed. 

In all cases, to insure perfect drainage between the back 
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of the wall and the earth, numerous ** weep-holes" should 
be provided in the body of the wall, or proper arrange- 
ments made to carry away the water at the base of the wall. 
To facilitate drainage, the backing resting against the wall 
sTiould be sand or gravel. 

In no case should water be permitted to get under the 
foundation of the wall, neither should the fearth in front 
of the wall be allowed to become wet. i 

In cold localities the back of the wall near the top should 
have a large batter to prevent the frost from moving the 
top courses of stone. As a guard against sliding, the 
courses of the wall should have very rough beds. The 
strength of a wall is increased the nearer it approaches a 
monolith. 

Care should be taken to have the foundation broad and 
deep enough to prevent sliding and upheaving of the earth 
in front. In clay the foundation should be deep, while in 
sand or gravel it may be broad and shallow. 

The following examples illustrate the application of the 
formulas : 

Ex. 1. Design a trapezoidal wall of sandstone, weighing 
150 lbs. per cubic foot, having a width of 3 ft. on top, a 
height of 30 ft., and the back inclining forward 5°, to re- 
tain a bank of sand sloping upward at an angle of 20°. 

Data. 

Y =- 100 lbs., W = 150 lbs.; e = 20°, = 39% a = 5°; 
^ = 30 ft., 5' = 3 ft., X = 2.63 ft. 

1°. Graphical determination of the values of E and 6. 

The graphical solution of the problem is shown in Fig. 4, 
where £1 is found to equal 15,000 pounds, d lies between 
35° and 36°. 
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2°. Algebraic determination of E and d. 

E= ^f {B) V{C) + (I))A^ + (B)A (!') 




Fio.4. 



Substituting the values of B, C, D, and E as given in the 
tables, and that of A as given by Diagram I, this becomes 

900 X 100, 



E 



-(1.036) X 



V(0.008)+(1.057)(0 264)'+(0.061)0.264, 
tan d = - — ^ " ^ , , + tan €, . . (Va) 



JS'= 45,000 (1.036) VO.098 = 14,500 lbs. 

sin a 



cos (e — a)A 
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087 
*-* = 07966(0:264)- ■^'- '•'''' 

tan d = 0.705 = tan 35*^ 11', about. 

3°. Algebraic determination of the value of B under the 
assumption that Q = \R. 

= J^J ^co8d + a;Bin<y| +25'a; + £". . (8) 

= ^^^{30 X 0.817 + 2.63 X 0.576} + 6 X 2.63 + 9, 
B* -f 7,79i? = 172.53, 

^ = - 3.89 ± V^172.53 + 3:9'; 
.-. J? = 13.69 - 3.89 = 9.80 ft.; 

or, practically, 10 feet is the required width of the base. 

4**. To determine if the wall will slide on a foundation of 
sandstone. 

From (14), 

. , » *^ ^ cos d 

^^ - ^r , n J, ' 

= G + UbitiS 
Taking J9 = 10 ft., Q :;= ^^-- 30x150 = 29250 lbs. 
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S = 35*^ 11', cos 6 = 0.817, and sin d = 0.576, then 
JS'coscJ 14500X0.817 



G-^Emid 29250 + 14500 X 0.576 



= 0.315. 



From Table II, the value of tan 0' for masonry is 0.6 to 
0.7; hence there is no danger of the wall slidiDg on the 
foundation. 

5°. To determine the minimum depth to which the foun- 
dation must extend consistent with the stahility of the earth. 

First determine the maximum value of x^. From (20), 

1 sin 
x^ = 



3 1 + sin' (j)' 

where must be assumed at its minimum value. Assume 
tliat the minimum value of in this case is 30° ; then 

_ 10.577, 
^•~3 1.333""^-^'^'*^ 

showing that the resultant must cut the base of the foun- 
dation within 0.133 feet of its centre. The resultant cuts 
the base of the wall 1.67 feet from the centre* of its base; 
hence the width of the foundation must be increased. 

Assuming that the depth to which the foundation ex- 
tends is 4 feet, and that it is vertical in the rear^ then the 
direction of the resultant pressure (not including the addi- 
tional weight of the foundation) will cut the base of the 
foundation 7.93 feet from the rei;r or heel. The required 
width of the base of the foundation is (7.93 — 0.13)2 = 
15.6; say, 16 feet. 

The value of p^ can now be found, which corre^onds 
to the assumed value of a:' = 4 feet. 
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From (19), 

« _ ,,,. 1 + sip' <t> . 
"• ~ ^(1 - sin 0)" 

^. = 400 ig| = 2960 lbs. 

The average intensity of the pressure on the base of the 
foundation due to the resultant R is 

29250 + 14500 sinj ^ .^^^ j^^ 
16 

The foundation adds an intensity equal to 4 X 150 = 600 
pounds approximately; hence the actual value of /?„ = 2350 
-\- 600 = 2950 pounds ; therefore, if the foundation has a 
depth of 4 feet and a base of 16 feet, the wall will not sink 
nor the earth in front of the wall heave, until becomes 
less than 30°. 

6°. To determine if the wall and foundation will slide on 
the earth. 

This is resisted in two ways — ^by the friction between the 
masonry und the earth, and by a prism of earth in front of 
the wall. 

The horizontal force tending to make the wall slide 
equals E sin 6, or 14500.0.576 = 8352 pounds. The hori- 
zontal force tending to make the foundation slide equals 
the resultant earth-pressure on the rear face of the founda- 
tion, which is vertical and 4 feet in height. From (6),^ 

or E^ 12800 X 0.226 = 2893. 



16 RETAlNINO-WALLa FOB EARTH, 

Then the total horizontal force tending to make the wall 
slide is 

8353 + 2893 = 11245 lbs. 

From Table II the tangent of the angle of friction be- 
tween masonry and moist clay is 0.33, which evidently is 
much smaller than the tangent of the actual angle of fric- 
tion between masonry and dry earth. Assume this tangent 
to be 0.500, 

The total vertical pressure upon the base of the foun- 
dation is 37600 pounds, hence the ability to resist 
sliding is 37600 (0.5) = 18800 pounds, which is much 
larger than II245; hence there is no danger of the wall 
slipping, even if the earth in front of the wall does not act. 

Ex. 2. Design a trapezoidal wall of stiudstone weighing 
150 lbs. per cubic foot, having a width of 3 ft. on top, a 
height of 30 ft., and the back inclining backward 15°, to 
retain a bank of sand sloping upward at an angle of 30°. 

Data. 

Y = lOOlbs., Pr= 150 lbs.; € = 30°, = 33°, a =-15°; 
H^ 30 ft., Z^' = 3 ft, a; = 8 ft. 

1°. Grapliical determination of the values of E and S. 

In Fig. 5, let BG represent the surface of the earth, and 
AB the buck of the wall. Draw AF parallel to BG, and 
from any ])oint I)' in AFl'dj off i>'i^ equal to the vertical 
jyG, and draw FL horizontal; lay off the angle IFD' = </) 
= 33°, and locate the point M in D'F so that if an arc be 
described with J/ as a centre and LM as a radius the arc 
will be tangent to IF; then with J/ as a centre and MF as 
a radius, describe the circumference FHJ and draw JH 
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parallel io AB', at ^ draw AL perpendicular io AB and 
equal to HL Then 



To determine S, prolong HI to A" and draw KJ. Then 
the angle which this line makes with the horizontal is 
equal to d, which is 6° to 7° in this case. 




Fig. 6. 



2°. Algebraic determination of B and d. 

Substituting in (I) and remembering that a is negative, 



£! = 45000 (0,875) f0.067 -j- 0.183 - 0.111 = 14C00 lbs. 
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From (I'a), 

Q 259 

**" * = omioMi) + ■"'' = - ^-^^^ = "^"^ ^- '°^' 

3°. Algebraic determination of the value of B iinder the 
assumption that Q = ^B. 

Substituting the proper values in (11) and remembering 
that a is negative, 

^ = - 4.7 ± Vl63744T~(i7r)' = 9.0 ft. 

The foundation can be designed in the manner outlined 
in Ex. 1. 

Ex. 3. Determine the dimensions of a brick wall hav- 
ing a vertical back to retain a bank of sand sloping up- 
ward at an angle of 20°. = 30% H= 20', B' = 2', 
y = 100. 

1°. Algebraic determination of ^ and d. 

Since or = 0, 

^=^^ (2) 

U = 1^221122 0.424 = 8480; say, 8500 lbs. 
2 

The value of ^ is readily found from Diagram I, 

d = € = 20°, since a = 0. 

2. Algebraic determin<ition of the value of B under the 
condition that Q = ^B. 

B' + B^j^^^Bm6 + B']^=^-^coad + B". (9) 
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From Table 1, W = 125 lbs. Then 

or ^' + 6.Q5B = 131.84. 



B=: - 3.3G ± Vl31.84 + 3.36', 
and 

B= - 3.3G + 11.96 = 7.60 ft. 

Ex. 4. Determine the yalue of B in Ex. 3 under the 
assumption that e = (horizontal earth-surf iice). 

or E = 20000 (0.333) = 6666, say 6700 lbs. 
Since «r = 0, and e = 0, (J = 0, 

B^ + BB' = ^-^ + &'; (10) 

^ + 2i? = 111.2; 



i? = -1 ± yill.2 + 1, 

and . ^ = -1 + 10.59 = 9.6 ft. 

Ex. 5. Determine the value of B in Ex. 3, under the 
assumption that e = = 30°. 



E = ^^cos = 20000 (0.866) = 17320 lbs. 



2 
From (9), 
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B" + 15.86J? = 244.05; 
J? = - 7.93 + ^244.05 + fM. 
and ^ = - 7.93 + 17.52 = 9.6 ft. 

Ex. 6. Determine tlie resultant pressure against the 
back of a wiill when the surface of the earth carries a 
load equivalent to 5 feet in depth of sand. 

H ='60 ft., a = 10°, = 30°, e = 0, and >^ = 100 
lbs. 




Fig. 6. 

Gra'pliical solution of the problem. — In Fig. 6, let BS 
represent the surface of the earth, and BA the back of 
the wall. 

Make ST= 5, and draw HT and BH. Draw AR par- 
allel to B8, parallel to HT, and make LR equal to LT; 
lay off the angle LEP equal to 30"; with as a centre 
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draw an arc passing througli L tangent to PR, and tlien 
with OR as a radius describe the circumference of the 
circle RQM, and at M draw MN parallel to AH 'y at -4 
and normal io AH draw ^C equal to NL. Then 

The direction of E will be pai-allel to QM, 

To determine the point of application of E, find the 
centre of gravity E' of ABVO, and draw E'D parallel to 
ACy then D will be the point of application of K 

E' can be found as follows: Produce ^Ciuid BVy make 
^/= CK= BV, BG = VF= AC, and join /'and /and 
G and K. Then E\ the intersection of /7 and 6r A', will 
be the centre of gravity of AB VC, BD can be found 
from the formula 

BD cos 10° - ^ (TLy^^TL){TSy + ^TSy 

See (30) of Appendix. 

Ex. 7. Determine graphically the value of E when e = 
and Of = 0, 0, ;/, and H being given. 

In Pig. 7 let Z?/' represent the surface of the earth, and 
AB the back of the wall. Draw AL pai-allel to BF and 
make // = IF; lay off the angle GLH = 0, and at any 
point K in LH draw MX perpendicular to HL, and lay 
off MO = ME; draw MJ parallel to 01. Then will the arc 
IN, described with / as a centre and //as a radius, pass 
through / and be tangent to GL; with / as a centre and 
JL as radius describe the circumference LH ; at A lay off 
AC= HI and normal to AB. Then 

ACxAB ^ 
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E is parallel to BFaxiA. applied aX D, AD being equal to 
\AB. 




Fia. 7. 

Ex. 8. Determine the earth-thrust on the profile shown 
in Fig. 8, H, y, 0, and e being given. 

Graphical solution of the problem, — Let BCDEA repre- 
sent the given profile, and let the surface of the earth 
be horizontal. Prolong BG until it intersects SA in S\ 
draw Sll normal to BCSeLud equal to the intensity of the 
ejirtli-pressure at S; connect B and E, Tlien from the 
middle point of ^Cdraw (7 i^ parallel to SN; the distance* 
OF multiplied by y will be the average intensity of the 
earth-pressure on BO. In a similar manner the average 
intensities on CD, DE, and EA can be found, and hence 
the total pressures on each determined. The points of ap- 
plication of these resultant pressures, E^, E^, E^, and E^, 
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^ 



can be found by the method nsed in Ex. 6 for finding 
the centre of gravity of a trapezoid. The directions of 



'^^^\^N\V^\\m^ 




Fig. 8. 

E^, E^, E^, and E^ are found from the construction on the 
right. 

Ex. 9. Determine the thrust of the earth against a ver- 
tical wall when e is negative. : 

For the explanation of this construction, see Part 11^ 
page 47, Fig. 8a. 

Ex. 10. From the following data determine E, d, and 

6=0, = 38^ a = 10° 23'; y = 90 lbs., If = 170 Ibs.j 

If=\5 ft., B = 6 ft., B' = 2 ft. 
Ans. E = 3037 lbs., c^ = 27° 13', Q = 2.2 ft 

Ex. 11. Determine the dimensions of a trapezoidal wall 
buill of dry, rough granite, having a vertical back ami 
being 20 feet high, to safely retain the side of a sand cut, 
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the surface of the sand being level with the top of the wall. 
»r=165 lbs., y=100 lbs., 0=33° 40', ^=20 ft., 
5' = 2 ft. 

Ans. E = 5734 lbs., <y = 0, i? = 8 ft., and Q = 2.8 ft., 
about. 

Ex. 13. The same as Ex. 11, with a = 8° instead of 
a = 0. 

Ans. JS = 6330 lbs., ^ = 8 ft., and Q = 2.7 ft. 
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Ex. 13. What must be the dimensions of a rubble wall 
of large blocks of limestone, laid dry, to retain a sand 
filling which supports two lines of standard-gauge railroad 
track ? (Assume the depth of sand to produce a pressure 
on the earth equal to that produced by the railroad and 
trains as 4 feet.) 
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H= 15 ft., a = 8°, = 33° 40',;^ = 100 lbs., r = 170 
lbs., B' = 3.5 ft. 

Ans. ^=5760 lbs., d = 18° 7', i? = 8 ft., Q = 2.7ft. 

Ex. 14. Determine B, d, B, and Q, when W = 170 
lbs., r = 100 lbs., a = 8°, € = = 33° 40', H = 20 ft., 
J?' = 2 ft. 
Ahs. E = 21760 lbs., 6 = 32° 25', 5 = 9 ft., ^ = 3 f t. 

* Ex. 15. A wall 9 ft. high faces the steepest declivity 
of earth at a slope of 20° to the horizon; weight of earth 
130 lbs. per cubic foot, angle of repose 30°. Determine 
B when a = 0. 

Ans. ^=2187 lbs. 

* Ex. 16. e = 33° 42', tp = 36°, H=3 ft., y = 120 
lbs., a = 0. Determine B, 

Ans. E = 278 lbs. 

* Ex. 17. = 25°, € = 0, a = 0, H=4tt, y = 120 
lbs.,J^=? 

Ans. E= 390 lbs. 

* Ex. 18. = 38°, € = 0, a=0, if=3 ft., ;^ = 94 
lbs., ^ = ? 

Ans, E = 100.5 lbs. 

* Ex. 19. A ditch 6 feet^eep is cut with vertical faces 
in clay. These are shored up with boards, a strut being 
put across from board to board 2 feet from bottom, at 
intervals of 5 feet apart. The coefficient of friction of 
the moist clay is 0.287, and its weight 120 lbs. per cubic 
foot Find the thrust on a strut, also find the greatest 
thrust which might be put upon the struts before the ad- 
joining earth would heave up. 

Ans. E = 1230 lbs. 
Thrust per stmt = 6128 lbs. 
Greatest thrust = 19029 lbs. 

* Alexander's Applied Mechanics. 
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* Ex. 20. A wall 10 ft, high, 2 ft. thick, and weighing 
144 lbs. per cubic ft., is founded in earth weighing 112 
lbs. per cubic ft., and whose angle of repose is 32°. Find 
the least depth of the foundation. 

Alls, x' = 1.21 ft. ID - 1.21 = 8.79 ft. = amount of 
wall above the ground. 

* Ex. 21. An iron column is to bear a weight of 20 
totis (2240 lbs. = one ton); the foundation is a stone 3 
ft. square on bed, sunk in earth weighing 120 lbs. per cu. 
ft; angle of repose 27°. Find the least depth to which it 
must be sunk for equilibrium. 

Ans. ic' = 6 ft. 

* Ex. 22. A brick wall, allowing for openings, weighs 
42000 lbs. per rood of 36 sq. ft. (on an average one brick 
and a half), and stands 45 ft. above the ground; the 
foundation is to widen to four bricks at the bottom. Find 
depth of foundation in clay weighing 130 lbs. per cu. ft. 
(angle of repose 27°), neglecting weight of unknown foun- 
dation. 

Ans. x' = 1.7 ft. 

* Alexander's Applied Mechanics. 



PART IL 

THE THEORY OF EARTH-PRESSURE AND THE 
STABILITY OF RETAINING-WALLS. 

Preliminary Principles. — Before demonstrating the gen- 
eral formula for the thrust of earth against a wall, it will 
be necessary to establish the relations- between the stresses 
in an unconfined and homogeneous granular mass. 

* In Fig. 1 let ABO he any small prism within a granu- 



< 


J / 


Q ' 




; 


^ 


p « 




Pio. 1. 



Jar mass which is in equilibrium un er the action of the 
three stresses P, ft and i?, having the intensities jf?, q, and 
r respectively. 



* In all the demonstrations which follow, the dimension perpen- 
dicular to the page will be considered as unity. 
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Let represent the angle of inclination of the plane CB 
with AB, and the angle at ^ be a right angle. 

The planes AB and AC are called planes of principal 
stress, and P and Q are called principal stresses. 

Case I. If the principal stresses are of the same hind 
and their intensities the same, then will the resultant stress 
on any third plane be normal to tluit plane and its inten- 
sity he equal to that of either principal stress. 

In Fig. 1, for convenience, let ^^ = 1, then AC= tan 0, 

and CB = 7- Hence 

cos ^ 

r 
P = p, Q = q tan 0=zp tan 0, since p = q, and E = ^. 

Since P, Q, and R are in equilibrium, they will form a 
closed triangle, as shown on the right in Pig. 1. Hence 



or 



i2« = P» + Q% 



cos' 



- = p« +y tan' =y(l + tan« 0); 



.% r=2> = q. 
Also, RgosFDB=P, 



I* 

or 2>^obFDB = p: butr = «, 

cos ir^ jr 



Hence cos = cos FDE = cos HDG\ 

. •. EDO = and R is normal to CB. 
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Case II. If the principal stresses are not of the same 
hind hut their iyitensities the same, theti will the resultant 
make the angle with the direction of tlie principal stress, 
hut on the opposite side from that on which the resultant in 
Case I lies, and its intensity he equal to that of either pri^i- 
cipal stress. 

The demonstration of Case I proves this principle if 
Fig. 1 is replaced by Pig. 2. 

H E Q F 
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Case III. Given the principal stresses of the same kind 
hut having unequal intensities, to determine the intensify 
a7id direction of the resultant stress on a7iy third plafie. 

Let P and Q be compressive and the intensity jo > the 
intensity q. 

The following identities can be written: 



and 



P = i{P + 9) + Up - q), 



30 



RETAININQ'WALL8 FOR EARTB, 



or the resultant intensity on the plane CB may be con- 
sidered as being the resultant of two intensities, one beiog 
the intensity of the resultant stress caused by two like prin- 
cipal stresses having the same intensity \{p -\- q), and the 
other the intensity of the resultant stress caused by two 
unlike principal stresses having the same intensity ^ip— q)» 



»ft(>pcr<2. 




Fig. 8. 

The intensity of the resultant stress caused by the first 
two principal stresses will be, by Case \,\{p -\- q), and the 
direction of the resultant will be normal to the plane CB, 
By Case II the resultant of the second pair of principal 
stresses will make the angle 6 with the direction of P, and 
its intensity will be ^{p — q)', then the resultant intensity 
can be found as follows: 

In Fig. 3 draw MD normal to BC, and make LD = 
\{p-\-q)] with Z as a centre and LD as radius, describe 
an arc cutting FD at F. Then the angle LFD = LDF = 0. 
Lay off LO = \(p — q), and draw GD, wl^ich is the result^ 
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ant intensity, and the intensity of the resultant stress on 
CD caused by the two principal stresses P and Q. GD 
also represents the direction of the resultant stress R. 

Since the intensities of the principal stresses remain con- 
stant, \(p-{'q) and \{p — q) will remain the same for 
any inclination of the plane 0B\ hence the intensity r of 
the resultant depends upon the angle when jo and q are 
given. 

From Fig. 3, 

OL cos 26 = LM and OL sin 26 = GM, 

DM= DL + LM=\{p + ^) + \{p - q) cos26', 

GD' = r' = GM" + DM\ 
or 



r = Vp'' cos' 6-\-q^ sin* #,.... (a) 

which is the general expression for the intensity of the 
resultant stress of a pair of principal stresses. 

As the angle 6 changes, the angle ft will also change, 
and it will have its maximum value when the angle 
LGD =^ 90°. This is easily proven as follows: 

With L as centre and GL as radius describe an arc; 
then /3 will have its maximum value when the line DG is 
tangent to the arc; but when DG is tangent to the arc the 
angle LGD is a right angle, siuce LG 18 the radius of the 
arc. 

sin max 6 = ^ . ^ , (b) 

p + q ^ 

from which the following can be easily obtained : 

j» __ 1 — sin max ft . . 

^ "~ 1 + sin max /3' • 
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which expresses the limiting ratio of the intensities of the 
principal stresses consistent with equilibrium, p being 
greater than q. 

Case IV. Oiveii the intensity and direction of the re- 
sultant stress on any plane^ and the value of max yS, to 
determine the intensities and directions of the principal 
stresses. 




Fio. 4. 



Let AD represent the given plane and OD the direction 
and intensity of the resultant stress at the point D. 

Draw DL normal to AD, and draw />/, making the angle 
max p with LD. At any point J in DL describe an arc 
tangent to DI, cutting OD in K and draw OL parallel 
to KJ) with i/ a? a centra ^n4 X(? as radius describe 
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a circumference. This circumference will pass through Q 
and be tangent to DI] hence -rrj = sin max ft. 

Since sin max 6 = ^ ?, and GL and LD are com- 

P + 9 
ponents of r, 

GL = Up-q) and DL = i{p + q); 
then ND = NL + LI) = i{p-q)+i{p + q)=p, 
and MD=:LD-- LM= i{p + q) - UP -?) = ?> 
which completely determines the intensities of the principal 



According to Case III, the direction of the greater prin- 
cipal stress bisects the angle between the prolongation of 
LM and the line GL; hence EL represents the direction 
of the greater principal stress, and that of the other is at 
right angles to EL. 

The above intensities and directions being determined, 
the intensity of the resultant stress on any other plane 
passing through D is easily determined as follows: 

Let DY represent any plane passing through D, dmw 
DL' normal to MY and equal to i{p + q). Draw E'D 
parallel to EL, and with Z' as a centre and L^D as radius 
describe an arc cutting E'Dat 0, and make L'G'= Up^Q)} 
then G'B = r' = the intensity of the resultant stress on 
DY. 

It is clear that if the value of max /3 can be obtained 
for a mass of earth that the construction of Fig. 3 can be 
employed in determining the intensity of the earth-pressure 
at any point in dny^plane within the mass. 
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It has been established by experiment that if a body be 
placed upon a plane, that (as the plane is made to incline 
to the horizontal) at some angle of inclination the body 
will commence to slide down the plane, and that this angle 
depends largely upon the character of the surfaces in con- 
tact. 




Fig. 5. 

In Pig. 5 let AB represent a plane inclined at the angle 
with the horizontal, and C any mass just on the point of 
sliding down the plane. Let EC represent the weight of 
the mass (7, and ED and /)(7 the components respectively 
parallel and normal to the plane AB, Then DE is the 
force required to just keep the mass G from sliding down 
the plane, assuming the plane to be perfectly smooth, or if 
the plane is rough this force represents the effect of fric- 
tion. 

^^i = tan 0, 

or when the mass C is about to slide, the resultant pres- 
sure EC on AB makes the angle with the normal to the 
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plane, the angle being the inclination of the plane AB, 
and is called the angle of friction. 

In the case of earth, considered as a dry granular mass, 
the inclination of the steepest plane upon which earth will 
not slide is called the angle of repose, and the plane the 
surface of repose. 

From the above, then, it follows that in a mass of earth 
the resultant pressure on any plane cannot make an angle 
with the normal to that plane which is greater than the 
angle of repose ; therefore the construction of Case IV 
applies to earth when max /3 is replaced by 0. The values 
of for earth under various conditions are given in 
Table II. 

The preceding principles will now be applied in deter- 
mining the thrust of earth against a retaining- wall. 



EARTH-PRESSURE. 

In order that the formulas may not become too complex 
for practical use, it will be assumed that the earth is a 
homogeneous granular mass without cohesion. The surface 
of the earth will be considered to be a plane, and the length 
of the mass measured normally to the page as unity. 

* Givefi the intensity and direction of the resultant stress 
at any point in any plane parallel to the surface of the 
earthy the inclination of the surface of the earth with the 
horizontal, and the angle of repose, to determine the iii- 
tensity and direction of the resultant stress on a vertical 
plane passing through the same point. 

♦For comparison, see the " Technic," 1888; a construction by 
Prof. Greene. 

The construction follows (see Fig. 4, above) d irectly from Ran- 
kine's Ellipse of Stress. -^f:^^^«^^**^^ 



[UNI7BIISIT7); 
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in Fig. 6 let 5 § represent the surface of the earth, and 
D any point in the plane AD parallel to BQ ; draw DQ 
normal to AD, and make the vertical GD equal to QD; 
then GD'Y is the intensity of the resultant pressure viXD* 
Draw DM, making the angle with Z/>, and with L as 
centre describe an arc tangent to i>Jf and passing through 
G\ then by Case IV LGy = Up - q), LD.y = Up + q), 




Fig. 6. 



and RL bisecting the angle QLG is the direction of the 
greater principal stress. To determine the intensity and 
direction of the resultant stress at i> on a vertical plane, 
proceed according to Case IV. Draw R'D parallel to RL 
and DL' = DL normal to DG. With L' as a centre and 
L'D as radius describe an arc cutting R'D at hS", and make 
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L^O^ = LG; then DQ^ represents the direction of the 

resultant stress, and DO''y the intensity of the resultant. 

In Fig. 6 the angle R'DL' = DR"L' = 90° - c» + ^. 

.-. O'L'D = 2(» - W. But 2^ = 01 + 6; hence G'UD 

= &}—€. 

Draw LY = LO; then the angle DL Y = co^ e. /. Since 
LD = DV and LY ^ LQ ^ UO', the triangle G'L'D 
equals the triangle LYD and the angle G'DV = c; or the 
direction of the resultant earth-pressure against a vertical 
plane is parallel to the surface of the earth. 

From Fig. 6, 

\{p — q) cos (w = GX- y, 

i(P + i) cos e = DX' y. 
Now DY^DG' = DG-' 2GX, 



or 



and 



or 



C0SG7 



DG^ • y = 2>G^ • ^ — (;? — g) COS c» 

= Up + ?) cos e — ^(;? — q) cos a?, 
1(/^ + g) ' sia G? :: i{p - q) : sin e, 



Bin c» = ^ ^ sm e. 



-i^^-g-^,)'-'°-"< ^'^"'''r;^y"°'' 



and since i(p + q) sin = J(^ — q). 



1 



cos ft? = -T 7 4^008" € — COS* 0. 

6in 
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Sabstituting this value for cos go in the equation for 
DO' -Yy it becomes 

DG'-y = i(p+ g) C0Be — {{j)—q)—, — - 4/cos' e — cos' 0, 

1 P + Q 

or since -; — - = ^ ^ , 

sm j9 — g 

/>Gf' . y = ^(jt? -}- 5')}cos e — locos' e — cos' 0}. 
In a similar manner. 



DG^ • ;^ = |(jt? + q) {cos e + i^cos" e — cos' 0}, 
and 



DG' __ cos 6 — i^cos" e — cos" 0^ 
i>(r COS € + i^cos' e — cos' 
hence 



r»/^/ r^/^cos e — i^cos" e — cos' 

xyCr = dJijr 

COS e + r cos' e — cos' 

Let X = the vertical distance between the two planes 
BQ and AD, then 

Z)G^= DQ = xco^e. 



r^jn,, , V COS 6 — i^COs' € — COS' 

.'. DG''r = {x) y COS e . ,/— , — =t^> 

COS e + V cos e — cos 

which is the expression for the intensity of the resultant 
earth-pressure on a vertical plane at any depth x below the 
surface. 
Let 



-. . cos e — Vcos' e — cos' , ^. 

* -4 = cos e . . . (a) 

cos € + r cos' € — cos' 

* See Rankine's Applied Mechanics ; Alexander's Applied Me- 
chanics ; Theories of Winkler and Mohr. 
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The average intensity of the resultant earth-pressure on 
a vertical plane of the length z will be 



yAy 



and hence the total pressure will be 



i' = ^r^ W 



Since the intensities of the pressures are uniformly varying 
from the surface, and increasing as x increases, the appli- 
cation of the resultant thrust will be at a depth of \x be- 
low the surface. 

Considering the earth as an unconfined mass, the above 
formula is perfectly general and can be applied under all 
conditions, including the case when e is negative. 

The resultant stress on any plane as AB, Fig. 6, can be 
found by applying the principles of Case IV. Draw PA • 
parallel to RL, make AN= LD and NO = LG\ then A 
represents the direction of the resultant pressure on AB. 
Make AC = A0\ then the area of the triangle ABC mul- 
tiplied by y is the total pressure on the plane J ^, and this 
pressure is applied at 1^4^ below B. 

In unconfined earth this construction is perfectly gen- 
eral and applies to any plane. It also applies equally well 
to curved profiles. An example illustrating the applica- 
tion of the method will be given in the applications. See 
pages 22 and 23. 

The following graphical construction, Pig. 7, is more con- 
venient than that of Fig. 6. 

As before, let BE represent the surface of the earth, and 
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AD dk plane parallel to the surface. At any point D in 
this plane, draw DE vertical and make DF^ DB ; draw 
FG horizontal and make the angle HFD = 0. 

With i as a centre, describe an arc passing through G 
and tangent to MF; then with Z as a centre and LF as 




Fig. 7. 



radius, describe the circumference FON, cutting AD at N; 
through N draw NO parallel to AB, then draw AO nor- 
mal to ^^ and equal to OG. The area of the triangle 
J -6(7 multiplied by ;^ will be the total earth-pressure on 
AB. To determine the direction of the thrust prolong OG 
to Q, then QN is the direction of the thrust. 
That this construction is equivalent to that of Fig. 6 is 
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proved as follows. The triangle OLF of Fig. 7 equals the 
triangle GLD of Fig. 6. 

.-. (^L'Y = \{p — q) and LF-y = LO-y = {{p+ q). 

In Fig. 6, the angle NAP = NPA = 90°- i(c»-e)-^a. 

In Fig. 7, the angle 0LN=2e-%a. But GLN= (w+e. 
.-. OLO— fi?— e + go', 

and G^O of Fig. 7 equals A of Fig. 6. 

In Fig. 7, the angle QNO = 90° - /?'. 

In Fig. 6, the angle OAB - 90° - >?'. 

Therefore the direction of the thrust is the same in both 
constructions. 

The two constructions given above are all that is re- 
quired to determine the thrust of earth upon any plane 
within the mass of earth, as one can be used as a check 
upon the other; but as a formula is often very convenient, 
a general formula will now be deduced which will enable 
one to determine the values of E and d for any plane with- 
in a mass of earth. 

General Formula for the Thrust of Earth. 

In Fig. 8, let BQ represent the surface of the earth and 
AB any plane upon which the earth-pressure is desired. 
Draw AD parallel to BQ and let the vertical distance 
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From {e) the earth-pressure upon FA is parallel to the 
surface and equal to 




' Pcose 

Fig. 8. 



But AF= a; = ^(1 + tan a tan e) = h^^ — ^; 



cos a cos e 






2 cos" a cos' e 



Now the thrust P combined with the weight of the 
prism ABF must nroduQe the resultant pressure upon AB* 
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Then from Fig. 8, 

V = —^ tan a (1 + ta^i ^ tan e) 

_ H^y sin or cos (e — or) 

~" 2 cos* or cos e ' * ^^ 

i^= 4^( F+P sin e)»+(P cos €)' = VV^P^'+^'rvFlme. 

Substituting (/) and {g) in this it becomes 

^^JHV C08 (6 - g ) 

2 cos* a cos e 
^ _ __ 

4/ sin* a + 2 sin a sin e cos (e — a) \- cos' (e — a) — -- , 

r ' ^ ^ cos e ' ^ '^ cos- € 

which becomes, by replacing A by its value from (rf), 

^^ gy cos(g-a ) 
2 cos* a cos e 

+ sin* a 



, ^ , , , ^ cos e— i/cos* e— cos* 

+ 2 sin a sin e cos (e— a) 

cose+ ^cos* 6— cos^ ^ /j\ 

( cos € — 4/cos* e— cos'' ) * 

+ cos* (e — a) S ; -= > 

( cos e + 4/ cos* e— cos^ <f> ) 

which is the general equation for the thrust of earth upon 
any plane withiu the mass. 

To determine the direction of the thrust of the earth, 
let 6 be the angle which the direction of the thrust makes 
with the horizontal; then, from Fig. 8, 

Y 

t^an d = -rr 1- tan e. 

P cos e 
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Substituting the values of V and F given above^ this 
becomes 

^ sin a cos e + sin e cos (e — a) A .^ . 

tan a = 7 ^— j — , . (la) 

cos e cos (e — a) ^ ' ^ ' 

where 



. cos 6 — 4^008- € — cos'' , ,. 

^ = cos e . . (a) 

cos € + r COS^ € — COS* 

Equations (1) and {la) are readily reduced to more sim- 
ple forms for special cases. These forms will be found in 
Part I. 

Tlie Plane of Rupture. — Although it is not necessary to 
know the position of the plane of rupture in order to deter- 
mine the thrust of the earth, yet it may be of interest to 
know its position, which can be easily determined as fol- 
lows: 

The plane of rupture will be back of the wall and pass 
through the heel of the wall. The resultant earth-pressure 
will make the angle with the normal to this plane. Now 
the tangent of the angle which the direction of the result- 
ant earth-pressure on any plane makes with the horizontal 
is determined from the formula 

, J. sin or 

tan o = 7 r-r + tan e. 

cos (e — a) A 

If GO represents the angle which the plane of rupture makes 
with the vertical passing through the heel of the wall, 
a = Gj and (^ = + (». 

/ ^ . \ sin ftj , , 

tan (0 + fi?) = 7 r-T + tan e, 

^^ ' ' cos (e — go) A 

from which the vaju^ of oo can be d^^eripiped for any case. 
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For the case where €^<f)y e being positive with respect 
to the wall and negative with respect to the plane of rupture^ 
the above equation becomes 

X /^ I \ sin a? , . 

tan (0 + c») = J—- — : — tan 0, 

^ ' ' cos (0 + go) cos ^ 

which is satisfied when a? = 90° — 0. 
For the case where e = 0, 

A /^ I \ sin a? 

tan ((p -{- go) — 



cos CO tan* ^^'^^ ' 



which is satisfied when co = 45° — ^. 

Reliability of the Preceding Tlieory, — The preceding 
theory is based upon the assumptions that the earth is a 
homogeneous mass and without cohesion, and the formulas 
are deduced under the assumption that the surface of the 
earth is a plane. 

All writers on the subject have considered the earth as a 
homogeneous mass and, with a few exceptions, without 
cohesion. 

Old and recent experiments indicate that cohesion has 
very little effect upon the pressure of the earth, which ex- 
plains why it has not been considered by most writers. 

The assumption of a plane earth-surface is necessary 
whenever practical formulas and direct graphical construc- 
tions for obtaining the thrust of the earth are obtained. 
General formulas can be deduced for any character of sur- 
face, but they are too complex for practical use. TIjose 
graphical constructions which do not require a plane earth- 
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surface are not direct in their solution of the problem, but 
require a series of trials to obtain the maximum thrust. 

If the earth-surface is not a plane, one can be assumed 
which .will give the thrust of the earth sufficiently exact 
for all practical purposes. 

For uncon fined earth no exceptions can be taken to the 
preceding theory, the assumptions upon which it is based 
being accepted, and for confined earth the theory must be 
true when the direction of the principal stress passing 
through the heel of the wall lies entirely within the earth. 

For all cases in which a and e are positive the theories 
of Ranktne, WwkleVy Weyrauch, and Mohr agree and give 
identical results with the preceding theory, as they should, 
being founded upon the same assumptions. 

When a is negative Weyranch does not consider his 
theory reliable, and his equations lead to indeterminate re- 
sults. 

Winkler and Mohr consider their theories reliable when- 
ever the direction of the principal stress passing through 
the heel of the wall lies entirely within the earth. 

liankine's method of considering the case where a is 
negative is equivalent to assuming that the introduction of 
a wall does not affect the stresses within the mass. 

It may be concluded that the preceding theory is per- 
fectly exact when a and e are positive; and when o' or e is 
negative that the stresses obtained will be the maximum 
which under any circumstances can exist. 

For the case where e is negative the stress obtained 
(which represents the maximum thrust the wall can have 
against the earth and have equilibrium) will be considerably 
larger than the actual stress (when a wall is introduced), 
depending upon the magnitude of e. For small values of e 
the results will be practically correct. For large values of e 
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the following method can be employed in determining tlie 
thrust of the earth. The method depends upon the assiimp- 
tion that the pressure of the earth is normal to the back of 
the wall. This may or may not be the case, but it appears 
to be the most consistent assumption to make for this rare 
and not important case. 





f ^. 
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* In Fig. 8a, let ^^ be the back of the wall and Bf the 
surface of the earth. Make Ba = ab = be = cd = etc. 
Some prism BAa or BAb or BAc, etc., will produce the 
maximum thrust on the wall; and when this maximum 
thrust is produced, the resultant pressure on the plane Aa 



*See Van Nostrand's Magazine, xvii, 1877. p. 5. "New Con- 
structions in Graphical Statics," by H. T. Eddy, C.E., Pli.D. 
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or Ab ox Acy etc., will make the angle with the normal 
to the plane. 

On the vertical line Ad' lay ofEw4a'=a'^'=JV, etc., and 
draw Aa'' making the angle with the normal to Aa, Ah" 
making the angle with the normal to Ab, etc.; then draw 
a'a'\Vb", etc., perpendicular to ABy and draw a curve 
through Aa'\ b'\ c", etc. Then there will be a maximum 
distance parallel to a' a" between Ad' and this curve which 
will be proportional to the thrust of the earth against AB, 
Tliis maximum distance multiplied by the altitude Ac -i-2 
and the product by y^the weight of a cubic foot of earth, 
will be the pressure of the earth. 

This method is perfectly general and can be applied in 
any case. 

If the earth-pressure is assumed to have the direction 
given by the formulas of the preceding theory, the con- 
struction will give the same value of B, the pressure of the 
earth. 

Some writers assume that the direction of B makes the 
angle 0"= with the normal to the back of the wall in 
all cases. This assumption cannot be correct until the wall 
commences to tip forward, and then it is doubtful that such 
is the case unless the earth and wall are perfectly dry. 

To be on the side of safety in every case, it is better to 
take the direction of £J as given by the above theory. 

The construction of Fig. 8n will give tlie maximum thrust 
for any assumed direction for any case. 

Trapezoidal Walls. 

It will be assumed that the direction and magnitude of 
the earth-pressure is known, that the position and extent 
of the back of the wall and the width of the top are given^ 
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to determine the width of the base for stability against over- 
turning, sliding, and crushing of the material. 




Stahility against Overturning, — Let ABCD,Y\g, 9, rep- 
resent a section of a trapezoidal wall, TR the direction of 
the earth-thrust, JO the vertical passing through the cen- 
tre of gravity of the wall, and JO the direction of the re- 
sultant pressure on the base AD caused by E and O. 

As long as R cuts the base AD, the wall will be stable 
against overturning. When R takes the direction JQ, the 
wall may be said to be on the point of overturning; then 

ON 

the factor of safety against overturning is ~-^, where ON 

is the actual value of E, and QNi\\Q value of E required to 
make the resultant R pass through D. 

Stability against Sliding. — Since the wall will not slide 
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along the surface DA until the resultant R makes an angle 
with the normal to DA greater than the angle of friction 
0', the factor of safety against sliding can be obtained as 
follows: Draw JP making the angle JMU = 0'; then 

PN 

the factor of safety against sliding is -y^, where PiV is the 

force required in the direction of E to make R make the 
angle 0' with the normal to AD, and OA" the actual value 
of jE'. 

Stability against the Crtishing of the Material. — In ordi- 
nary practice walls for retaining earth are not of sufficient 
height to cause very large pressures at their bases, but it 
is necessary to consider the subject on account of the ten- 
dency of the bed-joints to open under certain conditions. 




Fig. 10. 



Let AB, Fig. 10, represent any bed- joint in the wall, P 
the vertical resultant pressure upon the joint, and x^ the 
distance of the point of application from the centre of the 
joint. 

The intensity of P can be considered as composed of a 

P . . 

uniform intensity p^ = j^, and a uniformly varying inten- 
sity p/, so ths.t Pa.= Po +;>«'• ^^^ ^ ^^1"^^ ^^® tangent of 
the angle €DF, then pj = ax and p^=zp^-\- ax. 
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The pressure upon a surface {dx) — the joint being con- 
sidered unity in the dimension normal to the page — is 

p^dx = p^dx + axdx, 

and the moment of this about DB is 

{p^dx -f axdx)x. 

The algebraic sum of these moments for values of x be- 

tween the limits ± — must equal Px^, or 

/-\-iB 
(p^xdx + ax^dx). 



-kB 



Integrating, 



and 



__ 12x,P _ 120^, 



«=-^i- = 



B' ~ B 



a 9 



or 



_B' + nxx, 

and if x^ be replaced by \B — Q, where § is the distance 
from A to the point where P cuts the base, (Fig. 11,) 

and 

/?' = and j9 = 2p^ 
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from which it is seen that when R cuts the base ontside 
the middle third, the joint will have a tendency to open at 
points which are at a maximum distance from R where it 
cnts the base. 

Therefore in no case should the resultant pressure be 
permitted to cut the base outside the middle third. This 
makes it unnecessary to consider the stability against over- 
turning. 




Then in designing a wall the following conditions must 
exist for stability: 

I. The resultant R must cut the base for stability against 
overturning. 

II. The resultant R must not make an angle with the 
normal to the base of the wall greater than the angle of fric- 
tion <t>\ . 
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III. The resultant R must not cut the base outside of 
the middle third, in order that there may he no tendency for 
the bed-joints to open. 

The ajjove three conditions apply to any bed- joint of the 
wall; but if they are satisfied at the base and the wall has 
the section shown in Fig. 11, it will not be necessary to 
consider any joints above the base unless the character of 
the stone or the bonding is different. 

Determination of the width of the base of a retaining* 
wall under the condition that R cuts the base at a point 
\B from the toe of the wall 

Let H, B% X, d, and E be given to determine B. 

From Fig. 11, 

KF=%Bm d + f^cos d - ^sin 6, 

ODD 

„ _ 2^' + 2BB' -Bx- IB'x - B'* 
^^ ~ 3{B + B') 

zrr, irn ^ B' + BB'- Bz -2B'x -B"' 
HF= HD-- = 30B-+^->) • 

For equilibrium 

E(KF) = 6{HF) = ^'t^' HW{ffF). 

Substituting the values of KFd,nA HF in the above and 
reducing, it becomes 



^ + J^{^^i^^ + ^'-^) 



= ^{HcoBS + xem3)-\-2B'x-j-B'*, . (8) 
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which is the general equation for the width of the base of 
a trapezoidal wall. 

For a rectangular wall B' = B, 

For a triangular wall B^ = 0. 

For a wall with a vertical front B' -\- x*= B or 
B' = B-x. 

For a wall with a vertical back a; = 0. 

Equation (8) is easily transformed to satisfy the require- 
ments of special cases. 

The width of the base can be found graphically by as- 
suming a value for B and finding the value of C; if it is 
less than \B another value of B must be assumed^ and so 
on until Q is equal to or greater than \B, 

Depth of Foundations, — Given the angle of repose of 
any earth, to determine the depth to which it is necessary 
to sink a foundation to support a given load. The surface 
of the earth is assumed to be horizontal. 




Fio. 13. 



Ca8e I. When the intensity of the pressure on the base 
of the foundation is uniform. 

In Fig. 12, let p^ represent the intensity of the pressure 
on the base of the foundation. 
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Now when the masonry is about to sink (see Eq. (c)), 
«- 1 + sin 1 — sin 

£-2 z=i ■ — or a :=! p — . 

q 1 — sin ^ ^" 1 + sin 

If x' represents the depth to which the foundation extends 
below the surface of the earth and y the weight of a cubic 
foot of earth, then yx' equals the vertical intensity of the 
earth-pressure on a plane at the depth of the lowest point 
of the foundation. 

When the wall is on the point of sinking, the earth must 
be on the point of rising, or 

q _ 1 + sin 
yx' "" 1 — sin 0' 
or 

, ( 1 + sin ) ' ,_. 

In any case /?^ must not have* a greater value than that ob- 
tained from (15) — 

^'=^--|?-^^r = -t*"*(45°-$)- (16) 
y 1 1 + sin ) y \ *2l ^ ^ 

The value of x' as obtained from (16) is the least allow- 
able value consistent with equilibrium. Since x' is a func- 
tion of tan* (45°— — j, care must be taken that is assumed 

at its least value. As becomes smaller the value of x' 
increases rapidly. 

Case II. When the intensity of the pressure on the base 
is uniformly varying. 

Let p represent the maximum intensity of the pressure 
on th^ earth and jt?' the minimum intensity; then for 
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equilibrium p must not exceed the value obtained from the 
following equation : 

Also, p' must never be less than x'yi then 

_p-\-p'_ xyc / l+sin y ) _ 1 + sin' 
^»- 2 - 2 r+U-sin0J )""^>'(l-sin0)«' ^^^^ 

which expresses the maximum value which p^ can have for 
the equilibrium of the ^rth. Solving (18) for oc^y 

^' = y l4-8in'"0r' • • • • (1^) 

which is the minimum value x' can have for the equilibrium 
of the earth. 

In order that p' may never be less than x^y the result- 
ant pressure on the base of the foundation must cut the 
base within a certain distance of the centre of the base. If 
x^ equal this distance, then (see page 51) 

^x: 



p'=i^--i)p^='^y^ 



Substituting the value oip^ from (18) and solving for x^ 



V 



^. = i_j!n4^, (20) 

• 3 1 + sm ^ ' 

vhicb is the maximum value x^ can have, consistent with 
the stability of the earth. 

Abutting Power of Earth, — Let the surface of the earth 
be boriaontal and the body pushing the e^rtb have a verti- 
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cal face; then at the depth x' the maximum horizontal 
pressure per unit of area is (see Case I above) 

, 1 + sin 
^ '^ 1 — sm 

and since q varies directly as x', the total thrust P which 
the earth is capable of resisting is 

/J 1 — sin ^ ' 



APPENDIX. 



WEYRAUCH'S 
THEORY OF THE RETAINING- WALL* 



In the following the earth is supposed without cohesion, 
and its pressure is determined independently of any arbi- 
trary assumptions as to direction of the earth-pressure, and 
with sole reference to the three necessary conditions of 
equilibrium. The single and only supposition, then, is as 
follows: That the forces upon any imaginary plane-section 
through the mass of earth have the same direction. 

This assumption lies at the foundation of all theories of 
earth-pressure against retaining-walls. For those cases, 
therefore, to which the following discussion does not apply 
no complete or satisfactory theory is yet possible. In 
what follows, the ordinary assumption as to the direction 
of the earth-pressure will be proved to be incorrect, except 
for special cases. 

* Zeitschriftfur Baiikunde, Band I. Ilcft 2, 1878. 
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GENERAL RELATIONS. 

Let the surface of the earth have any form, and the 
wall ABy Fig. 1, have any iuclinakiou. The earth-pres- 
sure makes any angle, dy with the normal to the wall. 

Suppose through the point A the plane A C\ Then the 
weight of the prism ABC'\& held in equilibrium by the 

c 




leaction of the wall, J?, and by the resultant, i2, of att the 
loi'ces acting upon A C. 

Now decompose E, O, and R into componenta parallel 
and normal to AO; then for every unit in length ot the 
wall, denoting by e, g, and r the leyer-anus ol ^, Q, and 
B respectively with referenoe to A, the sum ^ the loroes 
parallel to -4 (7 = 0, or 

P-P, ~P, = 0; (1) 



th^ gum of tbe forces perpendiculur io AC =Q, ox 

Q + Q^-'Q. = 0; (a) 

the sum of moments about -4 = 0* or 

Gg + Ee- Rr = 0. . . . . . (3) 

Equation (3) was firat introduced by Prof. Weyrauch. 

Further, according to the theory of friction, if (p is the 
Qo^&oient ot f rictian for earth ou earth, 

F / P — P / 

Q-^ = tail 9 or -q-^Tq^ = tan 9». . . (4) 

If now there is any plane for which 

i>-^/>, = (e+ejtan9., • . . (5) 

jh p 

this plane -4(7 will be a plane of equilibrium, and .. ^ 

will be a maximum, or 

^^=- <«) 

This plane is designated as the *^ surface of rupture/* 
From Kg. 1, fw eveiy position of J<7, 

P = 6 COB GOy Q z= G sin go, 

P, = Jg^sin {Ga+a + d), Q^ = Bcos{gj+ a + 6). 

Substituting the above values of P, P„ Q, and Q^ in 
equation (5), it becomes 

G^COao? — J^sin (g? + Of + d) 

= [ff sin fi? + JS'cos (a? + ^ + ^)] ^^.n ^ ; 
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and when oo refers to the surface of rupture, the earth- 
pressure upon AB becomes 

^ cos GO — An CO tan (p 

"" sin (g7 + Of + d) + cos {go-\- a-\- 6) tan (p 

Substituting the value of tan a> or -. this becomes 

° ^ cos (p 

y COS (p COS 07 ~ sin 07 s in (p ^ 

"" sin (g7 + a + (J) COS 9> + cos (go -^ a-\- 6) sin 9? ' 

which becomes 

sin (9> + tt? + a + d) ^ ^ 

In ordei to refer to the surface of rupture, the following 
^-elation must exist : 

, fO COB GO — F sin (go+ a+ d) \ 
\G~Bm GO + E qobXgo -f ^ 4- d) j _ 

dGo — ' \ ) 

Performing the differentiation indicated in the equation 
{7a), considering. and go as the variables, it becomes 

+ [dO cos« — sin «(fw ff — £; cos (« -h 0+ «)d*>l \G sin « 4 ^cos (w + o -f «)] 
— [dg sin w -f cos lodw g — g sin (»> + a + a)d(tt1 [g cos «» - .g sin (« -|- a -f- g)] _ 
[« sin « 4- Je cos (« -f a + «)]«da» ~ 

= 0; (76), 

dividing by dco^ this becomes 

_|.[ ^^^" -[(?sin«a-t-JgcOS(« + a + g)]] [(? Sin « + ^C08(» + a + fi)] 

_ [ ^^^ " +[gC08ia-.gsin(*»H-a+a)]] [gcos*»- Jg8in(ia + ttH-g)] 

[G sin « 4- £cos (w 4- * + fi)]' 
= 0, (7c) 
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or 

+ ^^dT*" t^ sin •• + ^ cos (» + a + «)] - [(? gin •• + 1? cos (« + a + a)] « 

- ^^?^°" [G' cos •• - ^ sin (« + a + a)] - [G^ cos » - ^ sin (« + a + 6)]« 

[G sin « + ^cos (« + o H- 6)]« 
= 0. (7d 

Now, since 

cos G7 cos ((w4-a + <^)+sin coBm {Gi>-\'a-\-d)=co8 (a + ^) 
and sin' aa + cos' cw = 1, 

by clearing of fractions this becomes 

_ JEdGooB^^a + S) _^ 6. _ 2^^3j„ (^+^) ^^, ^ q. (7e) 

Now since dG = ^i . e?c» . ky, equation {7e) reduces to 
Cr -2GB Bin (a +6) - ^^V «<>« (^ + ^) +Br = 0, (7/) 
whicb becomes, after dividing by GE, 

|_ 2 .!„(„ + . ,-S:£2^) + |=0. (8) 



'E 
Substituting the value of ^^ f rom equation (7), transposing 

and multiplying by two, equation (8) reduces to 

2sin(^ + a + <* + g) 4 Bin f- I *N I 2 COS (» -f "> ^ fc«YC08fa + a) (go. 
C08(^ + ») "''**"^ "^ ^"^8in(<^+ft> + a + «) (? 
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whence 

cos (^ -htf) sin (^ + « + a + fi) 

which reducea to 

^ cos (^-r") si" (^ + « 4 tt 4-^) cos (tt+a)fc»Y g^ 

2[8in2(^H-«+*4^)-28m(a4^)cos(*+«)sin(*HHa4<i4^HK»8n*4^)]' 

Since 

sin (^ + a? + ^ + <^) = Bin (9> + ^) cos (a + <^) 
+ cos (^ + ^) sin (a + <J), 

the parenthetical portion of the denominator becomes 

sin' {(p-\-Go) cos' (a+<^) 

-f 2 sin {oL+d) COB (^+co) sin {<p+Go) cos (af4-*) 
+ cos' {(p-\-Go) sin' («+<^) 

— 2 sin (of+cJ) cos (9^+07) sin (9>+(») cos(a+<J) 

— 2 sin (ar+d) cos {q)-\-Gj) cos (<^+(») sin (or+cJ) 
+ coa' (9^+c»), 

or 

sin' {(p-\-<x>) cos' (ar+<J) 

— 2 sin' {a+S) cos' (9H-<») 

+ sin' {pc-\-d) cos' (9>+fi7) + cos' {(p+oo)^ 

or sin' C^^+g?) cos' («+*) -- cos' (^H-^^) sin' {a-\-d) 

+ cos' (9>+cw), 

or sin' {(p+Go) cos' («+<^) + cos' {<p+Go) [1— sin' («+<J)J, 

or sin' (?>+(») cos* («+*) + cos* ((p+ao) cos* (or+tf), 

or cos' («+*) [sin* (<p+G?) + cos' {v+go)]^ 
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which equals cos' {a-^S), and equation (8e?) becomes, after 
dividing by cos (a+tf) and factoring. 



cos (or+o) 2 /^' V / 



from which 
sin 



...... 2(? cos(ar+<y) 

^^ ' ' ' k^y cos(9>+c») 



which being substituted in equation (7) gives 



j^_ O CO%{(p-^GO) __ COS* ((p-\-Go) ¥y 

2g cos (g+tf) "" cos (^+(y) ' ~2 "• 




Fig. 2. 



(10) 



And, since the sum of the horizontal components of Ey G, 
and B must be equal to 0, or Pig. 2, 



and 



^cos (a+d) = R cos (<»+^), 
cos(c»+^) 
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which becomes, after substituting the value of E from 
equation (10), 



B=^ cos {(p-\-G0) ~ 



ky 



(11) 



Let AD, Fig. 2, be the natural slope of the ground. 
From C let fall the perpendicular CH, and draw CJ, mak- 
ing the angle (^+<^) with CH ; then 

CH= Jcco8 ((p+Go)y JJ= ^^-^ — . j>. k. 

''^ ' cos {a-\-o) 



L;»£_ 




Fig. 2. 



The expression for A J is obtained in the following man- 
ner (Fig. 2): 

CH=^kQ08(q>-\-QD)y AH =k sin {(p+Go), 
HJ : CU :: sin (^+<^) : cos (a+d), 

jjT^_ CHsm (flf+<y) _ cos(^+oj)sin (a-^r^) ^^ 
COS {a-\-d) cos {<x-\-o) 

.irr+Hj=Aj 

_ sin {(p + ft?) cos («+<J) + cos (q) + c^) s'" (^+^) » 
"^ pos (^-f (^) '^ 
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which reduces to 

cos(a+o) * 
and hence, according to equation (9), 

O^^^vmQ.y^yAACJ. .... (12) 
Also, if -4 i' is perpendicular to CJy 



CH ;^co8 { ( p+Qoi) _ E 

AK ""A;sin(9>+a>+a+d) "" G 



ly 



and if JL is made equal to JO, then, since the perpendicu- 
lar from L upon CJ is equal to 011, 

ACJL _ CH _E 
ACJA~ AK" O' 

or E=yACJL (13) 

If, finally, AM=ACy 

A A CM=z ^^L_^ ^^k^ cos {(p+Go\ 

or R = yAACM. (14) 



All these geometrical results may be summed up as fol- 
lows : 

Draw from the highest point C of the surface of rupture 
a line VJy which makes with the normal CH to the natu- 
ral slope the angle ot-^S, or the angle which the earth- 
pressure makes with the horizontal ; then the AACJ is 
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equal in area to the A ABC, the prism of rupture. Then 
lay off JL = JO and AM= AG and draw CL and CM\ 
then for every unit in length of the wall the following 
relations exist : 

Weight of prism of rupture, = yJCAJ; J 

Earth-pressure upon wall, £ = yACJL; V (14a) 

Reaction of the surface of rupture, E = yACAM. ) 

The first two relations were first made known by Eebhahn 
in 1871, for (J = or (p. 

Since, now, G : E : R= AJ : JC : CA^ . . . (15) 

it can be asserted that — 

The weight of the prism of rupture and the reactions of 
the wall and of the surface of rupture are to each other as 
the three sides of the A A CJ. 

Thus far no assumption whatever has been made as to 
the value of the angle S, This is determined by equation 
(3), which, in all theories following Coulomb^s method, 
does not occur. 



PLANE EABTH-BUBFACE INCLINED. 



n. 



PLANE EARTH-SURFACE INCLINEB 

Adopt in this case the notation of Fig. 3, and let E be 
first determined for any value of <^. 



n-90<»— (e+w) 
III-90°-<a-e) 
IV-9Oo-(6)-|-0) 



Fio. 8. 

If -4 C is the surface of rupture, then JABC= AACJ\ 
or, since 




AB _ sin II 
AC ""sin III' 



AB^AG 



sin II 
sin III • 



or 



In like manner, A J = A C- — tf^. 

sin VI 

But since A ABC = A A CJ, 

AB . ACbah I = AJ . AC sm IV; 

sin I sin II sin IV ein V 



sin /// 



sin VI 



(16) 
(16a) 
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or, filially, 

sin (a+Gj) cos (e+oo) cos {a+S) 

= sin {(p-\-Go-\-a+6) cos {q>+(k)) cos(a— e). (16^) 

Further, from Fig. 3, if ^JV'is perpendicular to AB, 
JADB = 2^AJG+JJI)G, 
or AD . BN= 2AJ . Cff+ JD . CjET; 



and since 
and 



BN _B0 






AD, 03 = JD {AJ+ AD), 
AD {AD -AG) = {AD - AJ) {AJ ^ AD), 
whence AO'.AJ=AJ.AD. . . . (17) 




FiQ. 3'. 



Upon this relation rests the well-known constniction of 
Poncelet for the earth-pressure. Draw (Fig. 3') BN per- 
pendicular to the natural slope AD; draw BO, making the 
same angle with -^iV^ that JS' makes with the horizontal, and 
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then determine the point /so that equation (17) is ful- 
filled, that is, make AJ a mean proportional between A 
and AD ; then draw /C parallel to OB, Thus the surface 
of rupture AC i^ found, and use can now be made of the 
relations already deduced in I. 

In order to determine J {A, Oy and D being given), there 
are several methods, one of which is indicated in the 
figure. In all these constructions d is assumed. 

Now from equation (13), J^ = | ;^ TC^ cos {a + 6), 
but 



CJ _ AD- AJ ^ AD-- Vmm o _ ^"^ ~AD 
BO AIJ~-AO~~ AD-AO ~1"o"' 

^'^~AD 

I.. » = t/g. then CJ = l^,BO = ^^. 
From Fig. 3, 

^O^ sin {(p-\-6) AB _ sin (<p- e)^ 

AB cos (a + Sy AD ~ cos (or -"i)' 

and the multiplication of these equations gives 



, ^ i/ sin {(p + 6) sin {(p - f) 
cos (a -\- 6) cos (a — e)' 



(18) 



cos (« + d) Vf^^^E^.-^^ 
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and by substitution ot BO and n in the value for (7/, and 
of CJm that for Ey 

r cos(0-tt) -]« Py r co8(»-tt) l' ft»Y ,. 

L n-fl J 2co8(a-[-«>"~L(n + l) cosaJ 2cos(a+«)- • * ^^*^ 

For the special case of the earth-surface parallel to tlio 
angle of repose, ^ =^, m = 0, and 

^^ co8'(^-£y) ZV ^ r co8(<y>~£y) J 7^V 

cos (a+d) 2 L cos a J 2cos(ar+<J)*^ ^ 

These formulaB hold good for any value of d. But the 
angle d is determined by equation (3). In order to insert 
e and r in this formula, the points of application of jE^and 
R must be known. The angles d and gj are connected by 
the relations in (16J), in which there are no other unknown 
quantities. Since now S, according to the single assump- 
tion of Prof. Weyrauch's theory, is independent of the 
height, so also is go, and then for variable h equations (19) 
and (11) become 

E^Cr, R = CJc\ 

dE = 2Cldly dR = WJcdJc. 

Let X and z equal the distance of the point of application 
of E and R from J, respectively. Now considering the 
top as the origin or centre of moments, 

E{l-x) = 2C f'm, R{k - ») = 2(7,y Ve?/fc, 

and therefore x = il and z = ik. 

Now G must act through the centre of gravity of the 
AABGy and it has been already proved that the points 
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of application of E and R are at distances \l and i* re- 
spectively above -4; hence (Fig. 3') ah = ed and hf=g = 
bd — ah = ik sin co — H sin or. 

Substituting these valuer ip equation (3) and referring to 
equation (15), 

^lB(CJco8a-^j8ina) = ^CUCcoB^-^J8lii«). ... (22) 

or 

sin ir(8in IF cos « - sin F sin a) = sin ill (sin FJ cos ^ - sin Fsin «), (22a) 
or cos (« -|- «*)£co8 (^ + ••) CPS * — sin (^-\-m + a + S) sin a] 

= cos (a — e) [cos (a H- «) COS * - sin (^ -I- « + a -I- «) sin w]. . . (226) 

By moans of the two equations (165) and {22b) the two 
unknown quantities 6 and gj are completely detei'miiied. 
As soon as these are known, U can be found from equation 
(19) or (20). Also by the relations in equations (16) and 
(22), or (16a) and (22J), tlie surface of rupture and direc- 
tion of the earth -pressure may be determined, and can 
therefore be found by a graphical construction. 
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HORIZONTAL EARTHSURFACE. 

For this most important practical case it is simply nec- 
essary to make 6 = in equation (19). The proper values 
of S and go in this case are found from (16J) and (22^). 

Making £ = in equation (22J), it becomes 

cos GO [cos {(p'\-Go) cos 6 — &\x\ {(p -\- GO -\' a -\- 6) sin a] 

— cos or [cos (or + d) cos q) — sin (9? + 074- or + d) sin c»]=0. 

Since 

sin(9>+<»+ ^+<^) = sin (9^ + Q7)cos(a + d) 

+ cos (^ + ^) sin (a + <^), 
cos (a + (J) = cos a cos d — sin a sin 6, 
and sin (or + <J) = sin a cos <J + cos a sin (J, 

the above expression becomes 

cos GO cos (J cos {(p + (w) 

— cos GO sin or cos or cos <^ sin (^ 4" 0^) 

4- cos (wsiu'asin SBm{(p+ go) 

— cos GO sin or cos a sin (J cos (^ + ^) 

— cos G> sin' a cos (^ cos (^ + ^) 

— cos a cos 9? cos (or + (J) 
+ cos' a sin g>cos S sin (9? -}' ^) 

— cos a sin co sin a sin d sin {g? + ^) 
+ cos' a sin (» sin tf cos {q> + g?) 

-f-cos Of sin (» sin ^ cos (J cos (^ + G?) 



=0, 



BOBtZONTAL BABTH-SirBFACK 



76 



which reduces to 

cos fi? cos (9> + c») cos <y "I 

— sin acosa [sin {(p-\- go) cos <»-- cos {<p+ od) sin co] cos <^ I 

— sina'cosa[cos(9>4-^)cosQ7+sin(9>+ G7)sinc»] sinc^ I 
+ [sin V sin (q) + go) cos go+ cos' or cos {(p+Go) sin co] sin 6 
+[cosV sin {g} + go) sin go — sin'a cos {(p-\-Go) cos go] cos S 

— cosV cos (pcos d -{■- sin a cos ^r cos (p sin (J 

= {22c) 



The expression in the first parenthesis is eqnal to sin q>, 
in the second to cos (p. If in the third cos' a=l — sin' a, 
and in the fourth sin' or = 1 — cos' a, equation (22c) be- 
comes 

+ cos CO cos {(p + go) cos S — sin a cos a cos (^ sin (p 

— sin a cos a sin <J cos ^ 
-|- sin (J sin' or sin {(p-{-Go) cos cy+sin <J sin gocos {(p+Go) 

— sin'a sin go sin <J cos {(p-}- co)\ =0. 
+ cos d cos'o' sin ((p-{-Ga) sin co— cos Soos gdcos {q>-\-Go) 
+ cos' a cos d cos fi? cos {(p + c^) 
-— cos'a cos (pcosS-^ sin or cos a cos ^ sin d 

Keducing and dividing by cos &, 

— sin or cos or sin ^ -f sin' a cos go sin (tp -f- go) tan <J ' 

+ sin GO cos (^ + go) tan d 

— sin' a sin o? cos (^ + go) tan (J 1^ = 0. 

+ cos' a sin ojsin {(p -}- go) 
+ cos' a cos G? cos (^ -\- go) — cos' a cos ^ 

Since 



cos go sin (^ -|- G>) — sin a? cos (^ -f- ^) = ^^^ V 



76 THEORY OF THE BETAINING-WALL. 

and 

sin GO sin (^ 4- a?) 4- cos co cos (9) + ^) = cos ?>, 

this reduces to 

— sin flf cos a sin ^ + sin* a sin (p tan S 
+ sin Q7 cos {q) + ^) tan (5^ = 0; 

and since 

cos {(p + G?) sin fi? = ^ sin (2c» + ^) — i sin 9>, 

this becomes 

^ __ 2sin ^cos a sin ^ 

"" 2sin' a sin 9? + sin (2c» + ^) — sin 9? ' 

and since 

sin a cos or = i sin %a and 1—2 sin' a = cos 2a, 

this reduces to 

. J. sin q) sin 2ar , . 

tan o = -^ — J- — ^-^r^ ; -5-. . (23) 

sin (2g7 + ^) — sm ^ cos %a 

This equation, therefore, expresses the condition that 
the ** sum of the moments of E, 0, and R is zero. '* 

Substituting -r for tan d in equation (23), clearing 

of fractions and factoring, 

sin d sin (2c» -^ qi) —miS sin cp cos 2ar = sin ^ cos d sin 2af, 
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or 
sin d sin (2{» -|- ^) = sin (p cos d sin 2af + sin (p sin tf cos %a. 

Since cos (5^ sin %a + sin tf cos 2a = sin (2af + ^)y 

this becomes 

sin $ sin (2c» + ^) = sin (p sin (2a + (J). . (24) 

In order to determine go it is only necessary to make 6=0 
in equation (16J) express B\n{q)-^ go-\- a -\-6) in terms of 
sin and cos {(p + go) and (or +d), and then the sin and cos 
of {a + ^) in terms of the sin and cos*of a and S. Mak- 
ing e = in equation (16J), it becomes 

sin (or + oo) cos (a + ^) cos cw 

= sin (^ + G? + a + d) [cos {(p + (w) cos a]. (24a) 

Since 

sin {(p-\- GO -\-a -^ d) = sin {(p + cj?) cos {a + d) 

+ cos {q> + G?) sin {a + <y) 
sin (a + <^) = sin a cos (5^ + cos or sin d 
cos (or + (J) = cos a cos d — sin or sin d; 

hence ' 

sin (91 + ct? + a + tf) = sin (^ 4- go) cos a cos 6 

— sin (9> + go) sin or sin d 
+ cos {(p + G?) sin a cos (J 

-|- cos {(p + G?) cos a sin (J, 
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and equation (24a) reduces to 

cos GO sin (or -\-go) cos a cos S 

— cos GO sin (a -|- go) sin or sin d 

— cos' a cos (^ 4" ^) 8*^ (9^ + ^) c^s d 

-\- cos a cos {q) -\- go) sin (^ + go) sin a sin S 

— cos a cos' (9? 4" ^) sin a: cos <5^ 

— cos' a cos' {(p -\- go) sin ^ 



^ = 0. (245) 



: 0. {Uc) 



Dividing by cos d, 

cos a cos GO sin (or -f (») 

~ cos GO sin a sin(a + go) tan (5^ 

— cos' a cos (9? + a?) sin {(p + cw) 

4- cos a sin or cos {(p -\- go) sin (^ + go) tan d 

— cos a sin or cos' {cp -\- go) 

— cos' a cos' (^ + (w) tan d 

Since 



cos a cos GO sin (a + go) equals, by expanding sin {a + cw), 
sin a cos a cos' g? + sin ft? cos go cos' a, and likewise 

— cos GO sin or sin (a 4- 0^) tan 6 = -^ cos' co sin' or tan d 

— cos a sin a cos g7 sin go tan c^, 

equation (24c) becomes 

— sin a cos a [cos' (9? + ^) — cos' (»] "^ 
—cos' a [sin (^4-^) cos {(p-{- go) — sin cwcos ft?] 

— [cos' a cos' (^ 4- ft?) 4- sin' a cos' ft?] tan d }- = 0. (24d) 
4- sin or cos a [sin (9? 4- ^) cos {(p -\- go) 

,j— sin ft? cos ft?J tan S 
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Now 



cos' {(p + Goi) — cos' CJ = 



, cos 2(q) + G?) — cos 2 Q? 



which equals 

2 sin i [2go — {2q> + 2a?)] sin j [2go + (2^ + 2gd)] 

2 

_ 2 sin (— (p) sin (2(w + ^) 



or 
and 



— sin {2a) + ^) sin ^, 



sin (^ + Gj) cos (^ -f- G?) — sin gj cos c» 

= i sin 2{q> + Cb?) — i sin 2g7 ; 

also, 

sin 2a . , cos 2a . - 
sm a cos a = — ^ — , and cos a = — \- ^. 

Hence, after multiplying by 2, equation (24rf) reduces to 

sin 2a sin (2a? + q)) sin (p 
— cos 2a ^ sin 2(^ + a?) + cos 2a ^ sin 2 a? 

— i sin 2(9? + c^) + i sin 2a> 

— tan 6 cos 2a cos' {(p+ao)— cos' (9?+a?) tan (J i = 0. (24a) 

— 2 tan d sin' a cos' a? 

+ sin 2a sin (9? + gj) cos (^ + a?) tan d 

— sia 2a sin op cos ft? tan <y 
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Now 

— 2 tan SAv? a cos' go = [since sin' a = 1 — cos* a] 

— [cos* cj — cos' a cos' co] 2 tan d, 

which equals 

— 2 cos' GJ tan d -f- 2 tan d cos'a cos' co. 
Also, 

cos2ar sin 2{(p -{- co) . cos 2a sin 207 



2 ' 2 

= — cos 2a I 



r sin 2{(p + ft?) — sin 2(w'l 

L 2 J 

__ cos 2a[2 sin ^ cos {2go -\- (p)] 

- 2 

= — cos 2a cos (26? + <p) S'^i <y> , 

and 

j^ sin 2(^ + ^) I ?i5_^ — — ®^^ ^(^ + ft?) — sin 2(w 
2 ' 2~ "" 2 

__ 2 sin I (2^ + 2a? — 2go) cos | (2<y>+ ^^^ + ^<^) 
"" 2 

= — sin q) cos (2&?+ y)> 

and 

— tan d cos 2a cos' (9> -f- c») --f 2 tan d cos' a cos' a? 
= (by making cos' a = — ^ [- ^ J 

— tan d cos 2a [cos' (^ + a?) — cos' g?] + tan 6 cos' <», 
or tan d cos 2a sin (2go + <p) sin <p+ tan d cos' G7, 
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Also, 



Also, 



— cos' {q) + go) tan d -\- tan d cos' gd 
= — ■ tan d [cos* (^ -f (w) — cos' (»] 
= sin <y? pin (2gj + <y^) ^^^ <^« 



tan d sin 2a sin (^ + c») cos {(p + g?) 

— sin 2a sin g? cos go tan (J 

= tan 6 sin 2a [sin (^+0?) cos {(p + (w) —sin go cos o?] 

^ . ^ r sin 2(g> + (w) — sin 2G7n 
= tan $ sin 2a ^^ ^ ^ 

= tan S sin 2a sin q) cos (2ft? + <y^); 
and hence equation (24e) becomes 

+ sin (p [sin (207+9?) sin 2a— cos (2a?+9>)cos 2a] 

— sin <p cos (2(w -|- (p) 
+ sin 9> [sin (2ft? + (p) cos 2a [ =0,(24/) 

+ cos (2 ft? + 9?) sin 2a] tan 6 
+ sin q) [sin (2ft7 + qi) tan d] — 2 cos' ft? tan d 



and 



taaS = 



sin ^ [Bin (8m + <^) sin 8a — cos (2m + ^) cos 2a1 — sin^ cos (2m -f <^) 
8 cos' M-sin ^ [sin (8w-|-^) cos 2a-fcos (2m-|-0) sin 2a] - sin sin (2m-j-^)' 



By making sin 2a = 2 sin a cos a and cos 2a = 1 — 2 sin' a 
in the numerator, and cos 2a = 2 cos a cos a— 1 and sin 
2a =2 sin a cos a in the denominator, this becomes 

tanS =s 

sin^ [ sin (2m-|-^) 2 sin a cos a— cos (2m4<^) -f- cos (2M4 -<fi) 2sln« tt ]-sin <^ cos^m-H») 

2cos'm— •in^[sin(2w4-^)2cos3a-sin(2w-HH-cos(2M-H>)2sina cos a]-sin0 sin(2M-f^)* 



or 



tan5 = 



2 sin » sin a [sin (8M-Hfr) cos a-fcos (gw-f^) sin a] — 8 sin <^ cos (8m-{-^) 
8 cos> M — 8 sin ^ cos a [sin (810 -f^) cos a+cos (8w 4-0) sin a] * 



. (24^) 
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which reduces to 

imd = 

sin cp sin a sin (2g? -\- cp -{-a) — sin ^ cos (2g? + (p) 
cos" CO — sin <p cos a sin {jlco -\- (p-\- a) 

Equating this value of tan d with that in equation (23), 

sin (p sin a sin (2g? + ^ 4- ^) "" sin ^ cos (2(i7 + ^) 
cos'* Ot? — sin cp cos a sin (2g? + ^ + «) 
__ sin 9? sin 'ita 

"~ sin (2&? + ^) — sin q) cos 2a ' 

Dividing by sin cp, clearing of fractions and dividing by 
sin a, also transposing, this becomes 

sin (2c» -\- q) -\- a) sin (2c» + 9^) 

• /c^ . . \ • « sin2ar 
— sin (2c» -f ^ + a) sin ^ cos 2a . cos' (w 



sin a 

I sin 2a • /o , . \ • 

A — : COS a sin rZoo + a> 4- a) sm m 

sin a ^ 17-1/ 1- 

cos (2cj7 + ^) [sin (2c» + ^) — sin ^ cos 2a] 
sin a 



= 0, 



or 



sin (2c» + (p-\- a) sin (2(w + ^) 
— sin q) cos 2a sin (2a> + ^ +^) — ^ cos a cos' a? 
+ sin (p 2 cos' a sin (2a> + ^ + ^) 
_^ cos (2& ? + 9^) fsi'^ (2<» + ^) — sin ^ cos 2a'| 
sin a 



= 0. 



Since 



2 cos' a — cos 2a = 1 , 
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this becomes 

sin (2Q7 + (p+oc) [sin (2a? + <p) + sin qi] 

- 2 cos a cos' 0? — 2> = 0, 

in which 

n __ cos (2ft? + 9?) [sin (2cj + ^) — sin cp cos 2flr] 
"~ sin a ' 

or 

sin (2GJ+9>+a)[2sin {aj-^-q)) cosft>]— 2cosacos'ft>— 2>=0, 

or 

sin (2ft7+ffl+a) sin (gj+g?) — cos a cos ft>— 7; =0.(25) 

V 17-1/ \ I 7-/ 2cosa? ^ ' 

The formulae for go, 6, and E can now be found in the 
simplest manner. Equation (25) is satisfied for2ft7+9>=90°. 
Hence, 

G7=45°-^ (26) 

At 

Substituting this value in equation (23), it becomes 
, ^ sin o) sin 2a 



sin (90— ^+9^) — sin q) cos 2ar 
sin ^ sin Ha 



1 — sin 9> cos 2a 



(27) 



or the equivalent, but more convenient expression for cal- 
culation, 

tan((y + «)= ^ ,^f^" - .. . . . (28) 
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If, finally^ gd = 45° — ? inequation (10), it becomes, re- 
memberingthatP= *' 



cos ca 



E= 



«*»«(« + *> 2co8'(45»-|) 

cos* (45° + 1) 



hy 



cos'(45»-|) 3co8(« + <y) 

Bin' [90° -(45° + 1)] ,v 

co8'(45»-|) ^^i'^ + ^Y 

hence ^ = tan' (45° - |)^-^^^^j, . . . (29) 
or, from equation (28), 

^ = _^ *V (29«) 

Sin (a + o) 2 ^ ^ 

This kst expression, howeVer, Wheti a = takes the in- 
determinate form -. 

The earth-pressure upon a portioh ot tlie wall reaching 
from the depth h^ to the depth H ^h^-\-h^ may be found 
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fiDm eqtiatioti (29) by Bubstittiting H^ — \^ in place of V, 
as is evident from the foUbWing: 

SuppdS^^ the Wall to hare a height H^ then E^ = C^-^y, 

and likewise for a height A, 



C, representing the constant quantity. 

From equation (295) E=C(H'-h*); hence dE = 
%CHdH — %CJi,dh^. Now let x equal the distance of the 
centre of pressure below the top of the wall, then 

Ex= 'i^cf^ H^dH- %C f^Kdh, 

tor C{H' - h:)x = \VH' - |Cft/, 

and if ^ = the distance from bottom, 

_ 1 g' - mic + n: 

y-i — ip~^^' — ^^°^ 

Equation (30) holds good when the earth-surface Is 
loaded and th^ loading is equal to a distributed load of the 

height A„. Still, even then, }i^ is often so small that — can 

o 

be substituted for it just as for unloaded earth-surface* 
In all cases 6 is determined by equation (28). 
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Instead of using equations (28) and (29), the following 
simple construction can be used : 
E 9 c y 




Fig. 4. 

Draw (Fig. 4) AC and AD vertically and horizontally, 

each equal to h, also DF making the angle FJDG = 45° — ^ 

with the horizontal. Through the points D and i^ describe 

a circle whose centre lies in AD. Then draw 6^^^ parallel 

to AB, and through A the straight line ITJ. Then JG is 

the direction of the earth-pressure upon the wall AB, If 

AK'is made perpendicular to AB, and equal to Aff, then 

the AABK gives the intensity and distribution of the 

earth-pressure, or 

E=yAABK. 

The proof of this construction is as follows : Conceive, in 
Fig. 4, JD and FG drawn, then 

, ATTp_^^^ AG C08 a 

tan ^/^Cr - -p^ - -^^—^j^^——^^; 

in which AP represents the perpendicular let fall from A 
upon Gff* 
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but AG : AF :: AF : AD=h, 

AF^" 
therefore AG = -j- =h tan' (45° - JV 

'Now 

HG =GD^ma = {AG + AD) sin a 



tan AHG ^ 



= h sin a -\-1i tan'' (45° — ^j sin or; 
h tan' 1 45° — ■ -^ j cos a 



A sin a + U tan' [45° — %A sin t^ — A tan' f 45° — ^j sin a 

therefore 

tan AHG = ?^ tan' f45° - |) = cot a tan' (45° - ^V 
sin a \ 2/ \ Zj 

From Pig. 4, <GDJ= <AHG, <GDJ-^<JGD = 90°, 
and therefore 

tan JGD = cot AHG = tan a cot 'f 45° ~ |) = tan {a+6), 

or <JGD is the angle of the earth-pressure to the horizon. 
Since, now, <^ //G^ = 90° - a — 6, 

cos a . ^ -L I ^( AKO 9\ cos ty 

^JEr= 7 —^AG = h tan' (45° — ^ --^-7 — 

cos (a + (J) \ 2/ cos (a - 



and 

B 

y 



\AH . AS = tan' (45° - ^\- j^--. 
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For a vertical wall the construction becomes much sim- 
pler. Draw, in Fig. 5, AD = h horizontally, then BF 

making the angle 45° — ^ with AD. Draw through D and 

F a circle with centre in DA and continue it around to K* 



C B 




Fio. 5. 

then the -^^^^ gives the intensity and distribution of the 
earth-pressure, while in direction it is horizontal. 

Hence E=:y AA BK. 

The proof is as follows (Fig. 5): 






V tan' [45° - %\ 

\ ?^= ;,...■ (45- -D 
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As a = 0, equation (28) gives tan 6 = 0; 
act normal to the surface of the wall. 



d = and ^ 




Fio. 6. 

Finally, in Fig. 6 is the construction for loaded earth- 
surface. The point of application of the earth-pressure is 
always found by drawing through the centre of gravity of 
JABK a parallel to AK and producing it to meet the 
wall. The proof for this construction is the same as that 
for Fig. 4. 
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IV. 

EARTH SURFACE PARALLEL TO SURFACE OF REPOSE. 

£= y. 
For this caBO^ 

cos(ar + d) 2 L cos a J 2 cos (a + d)' ^ ^ 

a formula which holds good for all values of d, and which 
for <y = or 9? gives results usually accepted in previous 
theories of retaining-walls. In order to find the proper 
values of d and oa, equations (16^) and (2*^S) must be 
used. 

In equation (22J) replace sin {(p -\- co -\- a -\- 6) hy sin 
(<p + ^ + «) cos (J + cos {(p ■\- GO -\- a) sin 6, and making 
£ =<p it becomes 

+ cos {(p + go) cos {(p + gd) cos d \ 

— cos {(p + (w) sin (^ + c» -f a) cos (J sin a >• = 
— cos {(p + go) cos {q) -\- GO -{- a) sin (J sin a ) 

+ cos {a — (p) cos (a + t^) cos (p 

— cos (a — cp) Fin (9? + G7 + or) sin go cos (^ 
— cos (a — 9?) cos (^ + Go-^-a) sin (J sin g? ; 
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dividing by cos d and transposing, 

cos (a — (p) cos {a + S) cos (p "^ 

cos d 

+ cos (« — ^) sin (91 + CO + n) sin g? [^ = 
+ cos {jcp + G?) cos ((p + G?) 

— cos ((p + G?) sin (^ + G? + a) sin a 

4- cos (q> + G?) cos (<z? + G7 + a) ^r sin a 

I \ / - I I \Si»i <^ . 

— cos \Ct — 9;) COS (^ + ^ +^) 3 Sm G7. 

Since 

cos (a - 0) COS (tt 4- ^) C OS _ cos(a— ^>co80 (cos tt COS S — sjn tt sin g ) 
COS 5 ~ cos 5 

= — COS (o — 0) COS COS o + cos (a — ^) sin a ^ cos ^, 

the above expression reduces to 

tan 6 = 

cos a COS(a— (^> COS ^— C OS a COS (<^-f-M) COS (< ^ -H"H~ «*) " cos(tt — ^) Bin w 8in(<H-«^+tt) 
sin a cos (a — <^) COS ^— sin o co8(<^-(- «) co8(<^ -l-fc»-|-a) + cos(a— 0) sin o) cos(<^-|-*^ ■!-«) 

and this equation fulfils the condition that the sum of the 
vi07nents of G, E, and R shall he zero. 

If equation (16J) is treated in a like manner, the result- 
ing equation will fulfil the condition that the sum of the 
forces parallel to the surface of rupture shall equal zero. 
Making a = (pm equation (16Z>), it reduces to 

sin (a + go) cos {cp + go) cos {a + d) 

— sin (^ -f a + G? + d) cos {(p + oj) cos (or — ^) = 0^ 
3 
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or 

sin {a -f go) cos (a + d)— sin (^ + (w+ a) cos {ot—q)) cofi (J 
— cos (^ + G? + ^) cos {a — 9;) sin 6 = 0, 
or 

sin (a + go) cos a cos (^ sin {a + a?) sin a sin (J 

cos <J cos d 

. f , , X / X cos(a?+(w+a)cos(a— a?)sin(y _ 
sin(<p+(»+a)cos(a-9>)- i:^:X._3_^_v ^ ^Q; 

therefore 

. ^ _ cos g sin {a-\- go) — sin^<^ -\- go-\- a) cos (a — (p) 
~" sin (or + go) sin a + cos (^ + c» -j-a) cos {a — ^)' 

Setting both values of tan 6 equal to each other and clear- 
ing of fractions, the following expression is obtained: 

+ cos a cos (p sin a sin {go + a) cos {a — (p) 

— cos a sin a sin {go -f a) cos (c» + ^) cos (g? + ^ + a) 

— sin (wsin or sin ((» + a) cos (or — ■ cp) sin (^ + (w + ^) 
+ cos a cos ^ cos (or — q)) cos (^ + g? + a) cos {a — 9?) 

— cos a cos (1^ + G?) cos'' {q) ■\- go ■{- a) cos (or — (p) 

— sin G? cos'' {a — (p) sin (^ + g? + «) cos (9? + g> + a) 

for the first member of the equation, and 

+ cos a cos (p sin a sin (g? + a) cos (a + ^) 

— sin a cos a sin (g? + a) cos (g? -j — ) cos (^ + ^ + ^) 
+ sin GO cos a sin {go + a) cos (a — <p) cos (9? + g> + a) 

— sin a cos ^ cos' {a — ^) sin (^ + g) + a) 

+ sina cos(9?+^) cos(^+G?4-«)cos(a— ^) sin(^+G7+^) 

— sin GO cos" (a — 9?) cos (^ + G7 + a) sin (9? + g? + a) 

foy the second member. 
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The first terms, second terms, and sixth terms cancel. 
Divide the equation by cos (a — (p). Terms number 3 
combined give 

— 8inM8lii(M + a) [sin a sin (^ +M + «) -(-COS a COS (^ + »+«)]» 

which becomes 

— sin GO sin {co + a) cos {(p + <»). 
Terms number 5 combined give 

— cos (^ +«) COS (^4- » + a) [cos a cos(0 +«-f-a) +sin a sin (^4- •»+«)]♦ 

which becomes 

— cos (9> + a? -f- or) cos {q) + go) cos {(p + ap). 
Terms number 4 combined give 

+ cos qi COS {<x—q>) [cos a COS {q> -\- oo -\- a) -{• %\\i a siu (^ + fi) -f" ^)]» 

which becomes 

+ cos (p cos {a — 9>) cos (^ -f (w), 

and hence, after dividing by cos {q) + gd), the equation 
above reduces to 

cos (oc^q>) cos <p— cos {<p-\-oi)-\-a) cos (9)-[-fiJ)— sin (oo+or) sin (»=0, (81) 

and this equation is fulfilled for 

a? = 90°-^ (32) 

In order to find that value of d which satisfies all condi- 
tions of equilibrium, substitute the above value of go in the 

first expression for tan 6 and obtain -. If, accoiding to 
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the method for discussing indeterminate fractions, the 
first differentials of the numerator and denominator and 
their ratio are found, and co made equal to 90° — ^, the 
vjihie of tan 6 will be found. 
The differential of the numerator is 

rf[— cos acos((p-|-(»)co8(<p-|-<»+^)— cos(a— <p)sin oo%\xi{q)-\-Go-\-a)\, 

which equals 



r dao. 



+ cosarcos(^+ GJ+ a)Ax\ ((p-\- oo)^ 
+ cos or cos {g) + co) sin {cp-\- 03 -^ a) 

— cos {a — (p) sin {g)-\-Go -\- a) cos oa 

— cos {a — (p) sin G7C0S {g) -\- go -{- a) 

Substituting for g?, 90° — ^, this becomes 



f + cosa'cos(^ + 90°— ^-f- o') sin ( ^-|-90°-^) ' 
J + cos a cos {q)+ 90°— ^) sin {(p + 90° — ^ + rr) 
I _ cos (a — (p) sin (^ +00° — ^ + a) cos (90°- ^) 
[ + cos (or - (p) sin (90°- cp) cos (^ + 90°- ^ -\- a) ^ 



(ICk), 



As the second term reduces to zero, this becomes 

[cos a sin a —cos {a — (p) cos a sin g) + cos (a — <p) cos <p sin a] doo, 

or 



[ 



pin 2ar , . , . • v"! ^ 

^^ cos (a —(p) (cos a sin q)— cos ^ sin a) ao?. 



or 



— cos (or — ^) sin (^— a) do? 

= [ii!^ + sin a(y -i£)1^^^ 
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or 



[■ 



2 sin i(2^— 2a + 2a) cos |(2^ — 2ar — 2a-) 

2 



•] 



doo. 



which equals sin ^cos(^ -- 2a) dco. 

The differential of the denominator is 



+ sin a cos {(p-\- ci) -\- a) sin {cp -\- gd) 
+ sin a cos {cp -|- go) sin (^+ cj? + ^) 
+ cos {a —(p) cos (^ -f- ^ +^^) cos G? 
+ cos (or — <p) sin cj? sin (^+ (i?*+ a) ^ 



rfCaJ. 



Substitnting 90° — (p for g?, and this becomes 

[8in a sin a + cos (a — (p) sin a sin 9+ cos (a — ^)cos g) cos a] dco, 

or 

[sin* a + cos {a —(p) (sin 9> sin or + cos (p cos a)]rfa7, 
or 



[1 — cos'' a + cos (a — ^) cos {a — (p)'\dGO 

cos 2ar 1 cos2(ar — ^) 1 



2" 2"*" 



or 
therefore 



L^ 2 2 ' 2 

[1 — sin (p sin {(p -'2a)]dGj; 



lycc, 



1 — Sin ^ sin (^ — 2a) 



. (33) 
To find an expression for tlie sin 6, clear equation (33) 
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of fractions and deduce tan <y — tan d sin (p sin {q) — 2a) 
= sin <p cos {cp — 2a), Multiplying by cos (5, 

sin <y — sin <y sin ^ sin {(p— 2a) = sin ^cos (^— 2a) cos d, 

or 

sin 6 = sin (p [sin 6 sin {tp— 2a) + cos (^ — 2a) cos 6]; 

therefore 

sin <y = sin ^ cos (2a — <p -{- 6), . . (34) 

from which the results of III. can be deduced. 

If the earth-surface is parallel to the surface of repose, 
or makes the angle <p with the horizontal, then, under the 
assumption of a plane surface of rnpture, S = ^only when 
the wall is verticid (make a = in equation (33), then 
tan 6 = tQ,i\ <p; .' , 6= q)), and 6 = only when the angle 

of the wall with the vertical a = 45° + ^« 

As it is often more convenient in determining the direc- 
tion of the earth-pressure to know the angle {a -{- 6) ot £ 
with the horizon, tan {a + d) may be expressed in terms of 
tan a and tan 6, remembering that 

- cos or — sin tp sin (q)— a) = cos <p cos (^ — a), 

and hence 

. , , ^v sin a -f sin cp cos (q)— a) .^. . 

tan (a -f tf) = ^-7 ^-^ — ^. . (34a) 

^ ' cos q) cos \<p — a) ^ ' 

With reference to a limited portion of wall which does 
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tiot reach as far as the surface, and with reference to 
loaded earth-surface, the same remarks hold good as in III. 

Instead of formulae (20) and (33) or (34), the following 
construction may be used: 

Draw through A, Pig. 7, a parallel to the earth-surface. 




Fig. 7. 

and with ^(7 as a radius describe the circle ADO. Draw 
DF horizontal and OH parallel to AB^ and then the 
straight line UFJ. Then the direction of the earth-pressure 
IS GJ'y and if ^^is made perpendicular to AB and equal 
to HFy E = yAABK^ and the triangle gives the distribu- 
tion of the pressure. The point of application is found 
by drawing through the centre of gravity of the triangle a 
perpendicular to-^^. 
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The proof of this construction is as follows : 
Conceive HD drawn, and its intersection with OJ to be 
at L. Then from the notation of Fig. 3, where ^ = 9>, 

FD = AD cos 9>, HD = 2 AD cos (9> - a). 

Since, nov, <JLD = <JHD -\- <p — oiyhj expressing 
tan JLD by tan of JHD and q) ^ a, after reducing, 

tan JLD = ^^^ ^ sin {^a -q>) + pin 2(^ - a) 
1 -f- cos 2 (^ — a) — cos ^ cos ('^a — ^)' 

or 

. ■ ^_. sin ^ COS (<^ — 2«') , J. 

tan JLD = -— — — ^^^7 ^ = tan 6. 

1 + sin <p sin (g? — )ia) 

Since HD is periiendicular to AB, the earth-pressure has 
the direction GJ. Further, 

TTp_ FD B\r\ a _ sin or cos <^ 

~ sin (a+ d — 9?)~ sin (a -f tf — 9?) * 

AD = - — ^-^ -, or, with reference to the value of FD. 

cos ^ 

^ A T>Tr cos (^ — /y) sin or Z* . . . . . 

nABK = -J- — — -^ r -, and since from equation 

sin (^ + d — ^) Ji ^ 

(34) sin {a-\- d ^ (p) cos (^ — a) = sin a cos (or + ^)> 
COS (or + o) 2 ;/ 
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RECAPITULATION OF FORMULA. 
Inclined earth-surface, plane : 



^ cojs (a + 6) cos (or — f)' 
The tau S deduced from formulaD (22^) and (16^): 

^ _» ^'*^ {^^ "" ^) ~" -^^'^si» ^(^ — ^) 
~" ^ — cos (•^rir — f) + if cos 'Z{a — f)' 

in which 



(18) 



^ cos f — • I^COS* B — COS^ 9> 
COS (p 

^ r cos {cp - ^) n' llr 

L(/^ + 1) cos a_\ "Z cos (or J^ 6)' ^' ' ^ ' 
Earth-surface parallel to natural slope : 

^ = ^ ; 

^^p_osi^-^-i:A^^^^^^ ^ 

|_ cos or _}2 cos (^r 4-o) ^ ^ 

G? = 90°-^; (32). 

tan(^+<y)= '•^'^ + '^"^;''^^F ^^ . . .(34.) 
^ ' ^ cos ^ cos (9 — a) ^ ' 



tan d = sin y cos {(p ~ 2q-) 

1 — sin ^ sin {(p — 2a)* 



(33) 
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Horizontal earth-sarface: 

a, = 45°-|; (26) 

tan (5 = 7^- — ; (27) 

1 — sin ^ cos 2ar ' ^ ' 

tan(« + <y) = ^"-^; (28) 

tan' (45" -f) 

^ = tau'(45°-f).^-p^-^; . . . (29) 
\ 2 / 2 cos (ar + o) 

Sin (ar + d) 2 ^ ^ 

If flf = 0, then <y = 0, and 

^=tan'(45°-|)-^. (29J) 

, If « = ^45° - Ij = (», then (J = ^, and 
tan ^45° - 



E = 



™ («.+!) ■' 



IIlT (29e) 



If the surface is loaded, substitute ff* + A" for A% or con- 
sider 7* to be the height of the earth increased by the 
height of an amount of earth weighing as much as the 
applied load. 
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NOMENCLATURE. 

Height of wall H 

Thickness at base h 

Thickness at top V 

Batter in inches per foot of ^on front face. . . d 

Weight per cubic foot W 

Total weight of wall G 

Angle of repose of earth (p 

Angle made by surface of rupture with vertical a? 

Weight of cubic foot of earth y 

Total thrust of earth against wall E 

Angle made with the horizontal by the surface 

of the earth b 

Angle made by rear face of wall with the ver- 
tical a 

Angle made with normal by ^. d 

Dist. of point where the resultant pressure cuts 

the base from the front edge of the wall . . q 
The resultant pressure due to E and G R 



NOTE. 



For the translation of Prof. Weyrauch's paper the 
writer is indebted to the labor of Prof. A. J. Du Bois, of 
the SheflBeld Scientific School, Yale College, who had 
copies printed by the electric-pen process. However, 
only the leading equations of Prof. Weyrauch were given ; 
hence a great deal of labor has been devoted to expanding, 
verifying, and filling in the intermediate steps of the 
work, and this nucleus of the mathematical part alone 
}ias grown to about double the original quantity. 

M. A. II. 
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TABLES. 



Table I contains the crushing-strengths and the average 
weights of stone likely to be used in the construction of 
retaining-walls and foundations; also the average weights 
of different earths. 

7'ahle II contains the coeflBcients of friction, limiting 
angles of friction, and the reciprocals of the coefficients of 
friction for various substances. 

Tables III, I V, and V contain the values of the coeffi- 
cients [see equation (1')] (B), (C), (D) and (JS'), where 

^ ' cos'a cos e ^ ' ^ ^ ( cos e ) 

J V rrx ft • • COS (e -- o) 

and (E) = 2 sin a sin e ^^ -. 

^ ' cos € 

The tables were computed with a Thacher calculating in- 
strument and checked by means of diagrams. It is believed 
that they are correct to the second place of decimals; an 
error in the third place of decimals does not affect the re- 
sults for practical purposes. 

Table VI contains the natural sines, cosines and tan- 
gents. 
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TABLE I. 

VALUES OF W. 



Name of Substance. 



Alabaster 

Brick, best pressed.. 

" common hard. 

" soft inferior. . 

Chalk 

(■ement, loose 

FliDt 

Feldspar 

Granite... 

Gueiss 

Greenstone, trap .... 
Hornblende, black . . 



Limestones and Marbles, ordinary. 

Mortftr, hardened . . 

Quartz, common 

Sandstone 

Shales 

Slate 

Soapstone 



Crushing: 
Lds. in tons 
per sq. ft. 



40 to 300 



20 to 30 



300 to 1200 



250 to 1000 



150 to 550 

ioo'tosoo' 



Averagre 

weiprht in lbs. 

per cu. ft. 



144 
150 
125 
100 
156 
49.6 to 102 
162 
166 
170 
168 
187 
203 
j 164.4 
(168 
103 
165 
151 
162 
175 
170 



VALUES OF y. 



Name of Substance. 



Earth, common loam, loose 

" *' ** shaken 

** " " rammed moderately 

Gravel 

Sand 

Soft flowing mud 

Sand perfectly wet 



Aferaffe 

weight in lbs. 

per cu. ft. 



72 to 80 
82 **9'3 



90 

90 

90 

104 

118 



loa 

106 
106 
120 
129 



Ta^lmjS. 



Ill 



TABLE II. 

* ANGLBB AND COEFFICIENTS OF FKICTION. 



Dry masonry and brickwork 
Masonry and brickwork 

with damp mortar 

Timber on stone 

Iron on stone 

Timber on limber 

Timber on metals 

Metals on metals 

Masonry on dry clay 

" ** moist clay 

Earth on earth 

Earth on earth, dry sand, 

clay, and mixed earth. . . 
Earth on earth, damp clay 
Earth on earth, wet clay. 
Eartli on earth, shingle and 

gravel 



tan 0. 



0.6 to 0.7 

0.74 
about 0.4 
0.7 toO.3 
0.5 "0.2 
0.6 **0.2 
0.25 -0.15 

0.51 

0.33 
0.25 to 1.0 

0.38 **0.75 
1.0 
0.31 

0.81 



3r to 86° 



35" tol6r 
26i° " lir 

31^ " iir 

14" *' 8i" 

i8r 

14° to 45" 

21° " 37" 
45" 

17" 

39" to 48" 



1 
tan^ 



1.67 to 1.48 

1.85 

2.5 
1.43 to 8.33 

2 "5 
1.67 "5 

4 *'6.67 

1.96 

3. 

4tol 

2.63" 1.33 
1 
3.23 

1.23 too. 9 



* From Rankioe's Applied Mechanics. 
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TABLE III. 



c 


a = 6«» 


a = 6<» 


a = 7» 


a = b» 


o = 9» 


1 {B) 


W 


iB) 


m 


{B) 





1.004 


1.006 


1.007 


1.010 


1.012 


5 


1.012 


1.016 


1.018 


1.022 


1.026 


10 


1.019 


1.024 


1.029 


1.086 


1.040 


15 


1.027 


1.034 


1.041 


1.048 


1.055 


20 


1.036 


1.044 


1.052 


1.062 


1.071 


25 


1.045 


1.055 


1.066 


1.076 


1.088 


80 


1.056 


1.066 


1.079 


1.092 


1.106 


35 


1.065 


1.079 


1.094 


1.109 


1.124 


40 


1.078 


1.094 


1.111 


1.129 


1.147 


45 


1.093 


1 111 


1.131 


1.152 


1.173 




(0) 


(C) 


(C) 


(C) 
0.019 


<C) 




0.008 


0.01 1 


0.015 


0.0-44 



TABLE IV. 



e 


a=5« 


a = 6«> 


a = 7» 


a = 8° 


a = 9* 




(/» 


iD) 


(1>) 


iD) 


kD) 





0.992 


0.989 


0.985 


0.981 


0.976 


5 


1.008 


1.008 


1.006 


1.005 


1.003 


10 


1.023 


1.026 


1.028 


1.030 


1.031 


15 


1.040 


1.046 


1.051 


1.056 


1.060 


20 


1.057 


1.066 


1.075 


1.084 


1.092 


25 


1.075 


1.089 


1.102 


1.114 


1.125 


80 


1.096 


1.U3 


1.130 


1.147 


1.163 


35 


1.118 


1.140 


1.164 


1.188 


1.204 


40 


1.144 


1.172 


1.199 


1.226 


1.253 


45 


1.174 


1.208 


1.242 


1.276 


1.309 



TABLE V. 



e 


a = 50 


a = 6* 


a = 7° 


a = 8» 


a = 9» 




iE) 


(A?) 




iE) 


{E) 


{E) 

















5 


0.015 


0.018 


0.021 


0.024 


0.027 


10 


0.031 


0.037 


0.043 


0.049 


0.055 


15 


0.046 


0.056 


0.065 


0.074 


0.083 


20 


0.061 


0.074 


0.086 


0.099 


0.112 


25 


0.076 


0.092 


0.108 


0.124 


0.140 


30 


0.091 


0.110 


0.130 


0.149 


0.169 


35 


0.106 


0.128 


0.151 


0.174 


0.197 


40 


0.120 


0.145 


0.172 


0.198 


0.225 


46 


0.134 


0.162 


0.192 


0.222 


0.263 
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TABLE Ml— Continued. 




c 


a=10<» 


a=ll<> 


a=12«» 


a=18o 


a=14«» 




(B) 


W 


iB) 


(B) 


(B) 





1.015 


1.019 


1.022 


1.026 


1.031 


5 


1.031 


1.037 


1.041 


1.047 


1.053 


10 


1.046 


1.055 


1.061 


1.068 


1.076 


15 


1.063 


1.073 


1.081 


1.090 


1.100 


20 


1.081 


1.092 


1.103 


1.112 


1.12.5 


25 


1.099 


1.112 


1.124 


1.136 


1.150 


30 


1.119 


1.135 


1.151 


1.163 


1.179 


35 


1.141 


1.159 


1.175 


1.195 


1.211 


40 


1.166 


1.186 


1.205 


1.225 


1.245 


45 


1.195 


1.218 


1.210 

(C) 


1.263 


1.288 




(O 


icr> 


(C) 


(C) 




0.030 


0.036 


0.043 


0.051 


0.029 



TABLE lY— Continued. 



TABLE Y— Continued. 



c 


a= 10» 


a=llo 


a= l^** 


a= 13- 


a= W* 




(i» 


(Z>) 


0.957 


(/>) 


iDy 





0.970 


0.964 


0.950 


0.942 


5 


1.000 


0.997 


0.993 


0.988 


0.983 


10 


1.031 


1.031 


1.030 


1.028 


1.026 


15 


1.064 


1.067 


1.069 


1.061 


1.072 


20 


1.099 


1.105 


1.110 


1.116 


1.121 


25 


1.136 


1.147 


1.156 


1.165 


1.173 


80 


1.178 


1.194 


1.204 


1.220 


1.232 


85 


1.224 


1.244 


1.262 


1.281 


1.300 


40 


1.291 


1.304 


1.328 


1.353 


.1.377 


45 


1.842 


1.875 


1.407 


1.438 


1.469 



c 


a= lO* 


a=ll» 


a = 1'3° 


a = 13- 


a=l4» 




(^) 


(&') 


iE) 


(£) 


(fi?) 




















5 


0.030 


0.032 


0.036 


0.039 


0.042 


10 


061 


0.067 


0.073 


0.079 


0.085 


15 


0.093 


0.102 


O.lll 


0.119 


0.130 


20 


0.124 


0.137 


0.150 


0.163 


0.175 


25 


0.156 


0.173 


0.189 


0.205 


0.221 


30 


0.188 


0.208 


0.216 


0.248 


0.269 


85 


0.220 


0.244 


268 


0.292 


0.316 


40 


0.252 


0.280 


0.308 


0.836 


0.365 


45 


0.284 


0.316 


0.349 


0.382 


0.415 
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TABLE III— Oontinued, 




c 


a= 15° 


a =16° 


a= 17° 


a =18° 


a=^ 




(») 


(fi) 


c/^) 


iB) 


iB) 





1.035 


1.040 


1.048 


1.051 


1.062 


5 


1.059 


1.066 


1.076 


1.081 


1.098 


10 


1.084 


1.093 


1.104 


1.112 


1.132 


15 


l.llO 


1.120 


1.134 


1.138 


1.168 


20 


1.135 


1.149 


1.165 


1.177 


1.218 


25 


1.165 


1.179 


1.197 


1.211 


1.245 


80 


1.195 


1.212 


1.233 


1.248 


1.288 


85 


1.229 


l.'.>49 


1.272 


1.291 


1.339 


40 


1.268 


1.2JH 


1.317 


1.340 


1.389 


45 


1.313 


1.338 

CC) 


1.369 


1.893 

CC) 


1.451 




(0) 


(C) 


ceo 




0.067 


0.076 


•0 086 


0.0»5 
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TABLE IN— Continued. 




f 


a= 15° 


a= 16° 


a= 17° 


a= 18° 


a=20° 




C^) 


CD) 


CD) 


(D) 


(D) 





933 


0.924 


0.915 


0.905 


0.883 


5 


0.977 


0.971 


0.964 


957 


0.940 


10 


1.023 


1.018 


1.016 


1.011 


1.000 


15 


1.072 


1.078 


1.071 


1 069 


1.068 


20 


1.124 


1.127 


1.129 


1.131 


1.132 


25 


1.181 


1.188 


1.194 


1.200 


1.206 


30 


1.244 


1.256 


1.266 


1,276 


1.293 


35 


1.316 


1.332 


1.848 


1.368 


1.890 


40 


1.400 


1.422 


1.444 


1.465 


1.505 


45 


1.500 


1.530 


1.559 


1.588 


1.643 



TABLE Y—Conttnved. 



c 


a = 15° 


a= 16° 


a= 17° 


a= 18° 


a=30° 




(E) 


C/?) 


C^) 


(R) 


CE) 




















5 


0.045 


0.047 


0.050 


0.053 


0.058 


10 


0.091 


097 


0.102 


0.108 


0.119 


15 


0.139 


0.148 


0.157 


0.165 


0.183 


20 


0.188 


0.200 


0.213 


0.225 


0.249 


25 


0.238 


0.254 


0.270 


0,177 


0.318 


30 


0.289 


0.309 


0.3^9 


0.349 


0.889 


85 


341 


0.365 


0.390 


0.414 


0.463 


40 


0.394 


0.42:5 


0.452 


0.481 


0.539 


45 


0.448 


0.482 


0.516 


0.551 


0.620 
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MAttTBAL SmeS AKD COSIKES. 



9 

"0 


0* 1 


1^ _] 


2* _ I 


3* _l 


4* J 


9 
60 


Ttioooa' 


Cofliri 


Sine 
y0174,'5 


Coain 
.09965 


Sine 


Cofiln 


Skte 




Sine 
700976 


Cosla 


.0^90 


.gs9S9 


,00384 


.00756 


1 


.oooso, 


One. 


.0IT74 


.999W, 


.0a5i9 


,99038 




.ygeei 


.07005 


.90754 


59 


2 


.0(Ki5<^ 


Onet 


.018U1 


.99984 


.03618 


.99997 


!o330e 


.99800 


.07(^ 


.99752 


58 


8 


.(KI087 


One. 


.01833 


.9DDH3 


,oao77 


,90086 


.ossm 


.90853 


.07O0;i 


.997r,0 


57 


4 


.0011 a 


One. 


.oi8ca 


.0013^ 


.03600 


.00935 


.95360 


.90857 


.07093 


.99748 


56 


5 


.<!0115 


One. 


.01801 


.00982 


,0ftfiR5 


.909*4 


.05379 


.S9SA:} 


.07121 


,99746 


55 


6 


.00175 


One. 


.01930 


.90063 


.03iSO4 


,99933 


,05408 


.00tS54 


.07150 


.99744 


54 


7 


.(X.>'J01 


One. 


.01940 


.999SI 


.031303 


.99993 


.0,1437 


.9i*»a3 


.07179 


.99742 


68 


8 


.a^i33 


One. 


.0197S 


.&90SO 


.03723 


.999^1 


.05406 


.00851 


.(r;j(.« 


.09740 


62 


9 


MriSa 


One. 


.02007 


,909«0 


M'TJl 


/JOOfJO 


.05495 


.99ts40 


.07237 


.90738 


51 


10 


.00*JJ1 


One. 


.0^036 


.99979 


.03781 


.99939 


.05524 


.99til7 


.ffr366 


.99736 


50 


11 


.oorjso 


.9WM 


.030C5 


.99079 


.05&19 


.09927 


.0.5553 


.OOfHG 


.07293 


.90734 


49 


12 


.<Xy49 


.owaa- 


.ejoi>4 


.09978 


.0:^139 


.99920 


S^^2, 


.9j^!4 


.07,^ 


.09731 


48 


18 


.0037S 


sfm^ 


.OJI33 


//J377 


.03803 


.99025 


.oson 


.B3W3 


.0;U'53 


.99739 


47 


14 


.0040? 


S0990 


.02152 


,099rr 


.03SD7 


.99934 


,05040 


.99641 


,07383 


.99727 


46 


15 


.00436 




.osiei 


.99970 


.0.5930 


.990^3 


.05660 


.floeso 


.07411 


,99735 


45 


16 


.00165 


.90^ 


.oaan 


.999716 


.03955 


.09922 


.05098 


.93638 


.07410 


.99?i3 


44 


17 


.O04a5 


.D999Q 


.osaio 


.99975 


.m^ 


.fl99Jl 


.05737 


.99830 


.07409 


,007^1 


48 


18 


.im^ 


.99089 


.oesno 


.90974 


.1>I013 


.99910 


1.05750 


.9983J' 


.07498 


.9P719 


42 


19 


.<XJiK>S 


.99908 


.0H33« 


.93074 


.OiWil 


.99918' 


, .05710 


.90833 


.07:>37 


.09716 


41 


20 


.00563 


,999Sa 


.oeasT 


.99973 


.04071 


.99917 


.06814 


.99831 


.07550 


,09714 


40 


21 


.00&t3 


-99oiB 


.osa.'yi 


.99973 


.01100 


.09010 


.OSB44 


.S0839 


,orr^ 


,09712 


89 


22 


.(»|>10 


.ffjose 


.uao8.j 


.09972! .01129 


OOOJ,-! 


.05673 


.996^7 


♦07014 


.0-J710 


88 


28 


.^^H;e^ 


lhSHW 


.03414 


.99971 .OllG^J 


.99913 


.05902 


.ooeao 


,(>70j;i 


,^708 


87 


24 


.(j\x;yi^ 


.99009 


.02+13 


.90070: .tuitia 


.99013 


.05931 


.ODS^ 


.07073 


.99705 


86 


25 


X^^'ll 


.30997 


.03473 


.99909 


.04217 


.99911 


.05900 


.9Ki22 


.07701 


.90703 


85 


26 


Mtr-^ 


.99J»7 


,02501 


.00900 


.94^10 


.00910 


.05989 


.99831! 1.07730 


.99731 


84 


27 


.(Mrti,-; 


.99ya7 


,02530 


,99968 


.0JV^5 


.09909 


.06018 


,99819 


.0777,9 


.99699 


83 


28 


JW^14 


.931W7 


.ossoo 


.99907 


.04304 


.90907 


.00047 


.998171 


.07788 


.99e96 


82 


29 


.(iVSW 


.oointo 


.O^J-'iifitO 


mm, 


.04S33 1.09900 


.00970 


.o-jeis' 


.0T81T 


.99094 


81 


80 


.ootirj 


.«399tl 


.0301^ 


.09900 


.01303 


,90905 


.00105 


.99813 


.07^10 


.99032 


80 


81 


,m^i 


.00990 


^0Sft47 


.99085 


.0439t 


.99904 


.06134 


.99812 


.07875 


.90689 


29 


32 


SWShX 


.o^atKt 


.O-JfiTi) 


.9lKH>4 


.04430 


.0':^902 


.00103 


.9'JSIO 


.0790^4 


.99087 


28 


83 


.<X>'J(W 


.ogg:5 


.ftrros 


.90063 


.04440 


.99001 


.00103 


.00808 


.07933 


,99085 


27 


84 


.Wfltffl 


,S999fi 


.oe::^ 


.99903 


,04478 


.99900 


.0^21 


.99800 


.07902 


.90038 


26 


85 


.OKJlrt 


.0^095 


.oaroa 


,90003 


.&I507 


.09893 


,06250 


.90804 


.07991 


.09680 


85 


36 


.01047 


.B9995 


,03793 


,999«l 


.<M530 


.99807 


.00270 


.99803 


-OflffiWl 


.90678 


84 


87 


.01070 


ooim 


.02fl2l 


.oDoeo 


.045U5 


.99606 


.00308 


.90801 


.08049 


.99076 


83 


88 


.OllOo 


.0ft9il4 


.03&a> 


.090D9 


.04rj94 


.99894 


.00337 


.097100 


.08078 


.00078 


22 


89 


.t">n?H 


,9':kk»i 


.ti38T9 


.^KJ959 


.OJ623 


.99803 


.Ol^^UO 


.o-.ivuv 


.08107 


.9M71 


81 


40 


.01101 


.999tfa 


.0t:901i 


.90956 


.04053 


.99893 


.00393 


.99705 


.08l3t) 


.091338 


SO 


41 


.oiim 


.999^1 


.CGOsa 


.999-17 


.04083 


.9^890 


.0042^1 


.99793 


.08105 


.99666 


19 


42 


S^v:::itZ 


.w.m 


.Oi007 


.0095a 


.04711 


.OOttiO 


.004^ 


.99792 


.08194 


.9'.1064 


18 


43 


.01;;^ 


.wm 


.03900 


.0-.tt'>5 


.frl740 


.KiliSS 


.00483 


.99790, 


.08223 


.90061 


17 


44 


.0i2w» S^^.^yi 


.03025 


.00954 


.01700 


.99880 


,06511 


.00788 


.06253 


.99C-59 


26 


45 


.^'^^■►1> 


jm'M 


.o;wi>4 


.00*1.^ 


.W708 


sm^ 


.00,^40 


.mm 


,08381 


.09657 


25 


46 


Ji]:-;-jH 


M'm\ 


,030t(3 


.00953 


,0^8:27 


.99883 


.06.-109 


,09:^1 


.08310 


.09054 


24 


47 


.''i:y.i7 


.[J'l^KH 


.03113 


.00032 


.WK-iO 


.99882 


.00598 


.907821 


,08339 


,99032 


28 


48 


.Oli^^J'i 


.yyirtK) 


,^\\\\ 


.999^.1 


.(ViSSj 


.fMfiBi 


.06037 


.907W) 


.08.^09 


.9<.W49 


22 


49 


.01 j'J.^ .fWMNJ 


.03170 


.'.►tlOoO 


.0^4 


.00870 


,0^050 


.99778 


.O8.'^07 


.991>17 


21 


SO 


.014.-4 .wm 


.03199 


.99919 


1.04943 


.99870 


.00085 


.U9;-V6 


.06420 


.990-14 


20 


61 


.014S13 .wm 


1.03228 


.990^3 ''.04073 


.99R7B 


.00714 


MTA 


.OfM.-^ 


.99M2 


9 


52 


,<'\\'A% ,wm 


, .Oitj.'i: 


.99917 .mi4»1 


.01>H7rj 


.00743 


.99772 


.Ciyi^i'.ooo;i9 


8 


. 53 


.OliVi^J 


. jJinuss 


.oa-ji^t 


.90040 .OTAIO 


.99873 


,00773 


.99770 


.0^'ii;l.990:i7 


V 


54 


.Ol.'iVl 


tK«iK8 


.ticiaio 


.999^5;, .O.'^rflr.O 


.ooera 


.06H03 


,99708 


,08542 


.00^:35 


6 


55 


.OlCHTfl 


.9fHlt^^7 


.0:w5 


.90044 


.OTiOSS 


.OflffTO 


,06831 


.09700 


.08571 


.99f3;l2 


6 


56 


ioj'^ert 


.WHkH7 


.03374 


,999^3 


.{^137 


.00869 


.06800 


.OlJ'ytM 


.08000 


.09^330 


4 


57 


.0]fj.',^ ,mm 


.0fVW3 


,9ffE»-W 


.05140 


.00807 


,06SMO 


.oo^a 


.08639 


,g9fi37 


8 


58 


.<.|]MS7 


.IHK>80 


.03^133 


.99941 


.0S175 


.99806 


.06018 


.ttW-W 


.0HGS8 


.99025 


2 


59 


.01710 


.999K5 


.o:«ci 


.99940 


.OfjSOij 


.9!>804 


,099J7 


.997^)8 


.06667 


.vmst 


1 


9 


_.017W 
Cofiln 


.999&'5 
Bin« 


.0*190 
Coijlu 


.99939 


.0S2:i4 


.09803 


.00976 
Cosin 


.90756 


.08710 


,99019 


9 


Sine 


Coaln 


tjJQia 


bint* 1 


SiUd 


$9-^; 


I m 88- .«^ 


N- §7- ■ ! 


tt ae* 1 


85* 
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* 


•• ] 


J «' ] 


7* 1 


8* 1 


9* 


, 


Sine 


CofilD 


Sine 
.10453 


.09ifj3 


Blue 
.i3r^7 


COSIQ 

,093.'» 


Sine 
~Am7 


Cosin 




# 


.99ti]0 


60 


1 


.08T4ri 


.»9fil7 


.1(W82 


,9iW9 


.l!>ilt3 


.91*3i11 


Aimn 


,0^^023 


, .ISfiT^ 


,9«764 


m 


3 


.08774 


.00014 


J0511 


.OOlriO 


.iii;;i.i 


.1193^18 


.13075 


.99tH9 


, .15701 


.98760 


58 


3 


.oms 


.00013 


,10540 


.00143 


.13374 


,0*J344 


.14004 


.99015 


,1573t> 


.08755 


57 


A 


.omi 


.99900 


Jimi 


.O04W 


.12303 


.vjm 


.140.33 


.00011 


.1575« 


.987^1 


50 


5 


.ae&ao 


.00007 


.mm 


.ot^m 


.12331 


,oam 


.14001 


,00000 


,16787 


.98746 


55 


A 


.08889 


.811601 


.io(;ao 


.OOJiH! 


.IJ^W 


.90233 


.14090 


.00009 


,15816 


.98741 


54 


5^: 


.oe»i8 


.mc^ 


.10^55 


.90431 


.13389 


.90039 


.14110 


,06998 


,16815 


.08^7 


53 


a 


,08ftfr 


.00009 


.ioas4 


.S&12H 


,13118 


,90330 


.14148 


.08994 


,15S73 


.9S73S 


53 


9 


.uwrra 


.905Se 


.lorrts 


,09434 


,134-17' 


.995^^ 


,14177 


.089^^0 


.16003 


.oens 


51 


' 30 


.oooos 


.09594 


.10743 


.994)^1 1 


.lB47tt 


.09319' 


,14305 


.06-^ 


.16031 


.98733 


50 


11 


.0W3^* 


.995&1 


.lOTH 


.90418 


.12504 


.00215 


.I4S34 


,08982 


.16959 


.96718 


^9 


13 


.0JO«g 


.00588 


.10800! 


.01)415 


.1:^53.^ 


.91K11 


.i4;:6j 


.9697b 


.15088 


.98714 


48 


13 


,000^3 


.99560 


,10839 


.mm 


.12563 


.00308 


-14393 


,66073 


,10017 


.08700 


47 


14 


.00121 


.90583 


.10858 


.99400 


.13501 


.003041 


,14330 


.06069 


.IfltMO 


,08701 


46 


IQ 


.00150 


.90580 


.10«H7 


,99100 


,iae20 


.90200 


* 14340 


.98005 


,16074 


.06700 


45 


16 


.09179 .SS6TBI 


,ioom 


.9040^ 


.lfi&49 
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.B4S&I 


.0(!i7l8 


.S&515 


.03905 


,38131 


.92144 


1.39741 


.91764 


.41337 


.91056 


85 


se 


.»I913 


.9370HI 


,30^ 


.93084 


'.381(31 


,9^432 


1.30768 


.91752 


.41353 


,910^ 


84 


27 


.&J939 


,9;J05^i 


.965C9 


.98074 


.seies 


.93421 


.39795 


.91741 


.41390 


.91032 


83 


28 


.S^liHl^i 


,mm' 


.3659fJ 


.93003 


,,38215 


.9^410 


.39822 


.91729 


.41416 


.91020 


82 


29 


.a^iooa 


.93077! 


.30fi3;l 


.93053 


' .^i^4l 


.fti3an 


.3^ie 


.91718 


,41443 


.91008 


81 


ao 


.350S1 


.936G7 


,$0050 


.930^ 


.3S268 


.92388 


.ate75 


.91706 


.41409 


,90996 


80 


ftl 


.85048 


,jm's?l 


.38677 


.93031 


.S839S 


.92377 


, .S9»02 


.91094 


.41490 


.90984 


29 


aa 


-350T3 


.ua<>i7' 


.30791 


.03020 


,38322 


,93300 


.S91i38 


.91088 


.41522 


.90972 


28 


88 


.35102 


.^0371 


.36731 


.©3010 


.3B349 


.92355 


,3;«155 


.sien 


.41519 


.90960 


27 


34 


.351311 


.93fl3Kj, 


.30753 


.0299& 


,S.S370 


.92343 


.399S3 


.91000 


.41573 


.90946 


26 


3S 


.S5157 


.9361« 


.30785 


.9^1083 


.38ic:i 


.92^a 


Aumm 


.91048 


.41602 


.90936 


25 


S6 


.351&i 


.93fJW 


.36813 


.9297B 


.aS4,^> 


.9!^! 


.4EMKJ5 


.91036 


.41638 


,90904 


24 


sr 


.35211 


.9350G 


.3683^ 


.02307 


.88450 


.93310 




.91625 


.41655 


,90911 


23 


B3 


.35230 


,93585 


.30807 


.93950 


,3S4S3 


.92299 


.40fJ88 


.91613 


.416!^! 


.90899 


22 


S» 


.85266 


,I)G575 


,30894 


.rt>915 


■se.'iio 


.a.>287 


.40115 


.91601 


.4lTi>7 


,9Ut887 


21 


'da 


.35293 


,60X5 


.30931 


.93935 


.88637 


.ifci2iTG 


.40141 


.91590 


AITU 


.90^75 


20 


41 


.a'l^so 


.^'^KS.'i 


.30948 


.fi31>31 


.8&5M 


,9290.^ 


.401 6^^ 


.9157S 


.41760 


.90ft63 


19 


42 


.:^>U7 


.23514 


.3ij975 


.u^iijia : 


,38^:1 


.^J254 


,40195 


.91560' 


.417H7 


,90351 


18 


43 


.S53T5 


.93534 


.37902 


,92903 


.38017 


.9:^3 


-40221 


.91555 


.41813 


.90839 


17 


44 


.55403 


.S3534 


.CToea 


.92892 


.S8fJ44 


,93331 


.40243 


.91543 


.41SiO 


.90830 


16 


45 


.354^ 


.9.3514 


.37t>5S 


,93(^11 


,3S;:71 


.9iJ^S0 


.40275 


.91531 


.41866 


,90814 


15 


^e 


.S^U-jO 


.93503 


.3793.3 .S^^rO 


.3H:U>'JJ 


.92300 


,40301 


.91519 


.41H03 


.9060» 


14 


47 


.S51fil 


.93493 


.37110 .92859 


.38735 


.92193 


-4032f5 


.91508 


.41019 


.90790 


18 


4S 


.35511 


.9.3if^ 


.37137 .90^9 


.B87r>2 


.•^^186 


,40355 


.9M90 


,41045 


.90ns 


12 


19 


,35538 


.93173 


.37101 ,9'^^S 


.T^S7;i8 


.93175 


.40381 


.914fM 


.4107^ 


.90760 


11 


IX) 


.35565i 


.mm 


.37191 


.93827 


.3^sa>5 


MiU 


.40108 


.9147S 


.41998 


.90753 


10 


£1 


.sssm' 


.93-153 


.37215 


.fltSlO 


,3B832 


.8215*3 


.4^f31^01461l 


■.43021 


.90741 


9 


£S 


.3aiil3 


.9;i4a, 


,37345 


.92S05 


.3SS59 


.931.11 1 


.40161 


.9M49 


.43051 


,90;^ 


8 


^ 


.35d47 


.^Am ' 


-37^>^ 


.!«7t>4 


.38880 


.931301 


.^0188 


.9M37 


.42077 


.90717 


7 


&4 


.35fi74 


.d3430i 


,3?^9 


.937B4 


.33912 


.S3139! 


.405U ,9H;:5' 


,43301 


.9O*'04 


6 


^ 


.35701 


.03410 


.373^ni 


.tri773 


.3.S9^na 


.93107' 


.•lO&El .€1414 


.42i;k^ 


.90002 


5 


5« 


.3573B 


*93^CKJ 


,37353 


.9'J703 


.38TO1 


.93ffi>0 


.4om7 .914113 


.42imt 


.00080 


4 


B7 


,35755 


.flS.'M) 


.37380 


.o^rsi 


.389f)3 


.mm 


,405S}4,,«13f.K} 


.42TS^i 


.90668 


8 


68 


.35763 


.©3379 


.37407 


.fi3740 


.SSOtiO 


.93(J7J 


,4ttiai 1.91378 


.4220'>> 


.9(f65G 


2 


EQ 


.35810 


.933l>8 


.374:14 


,92729 


.39(M0 


.9^=962 


.40ti47 .91360 


,432ri5 


.90643 


1 




.35837 


.93358, 


.37-101 


■1ia71j 


.39<173 


.92<ISI> ,.4n<V71 .9iaT3[ 


.42302 
Cosiu 


.90631 


_0 


Cuciin 


Hin«^ 1 


iJoaiu "Ciub 


60* 


68' 1 


67" 1 


ee 


1 


65' ; 



NATURAL SINES AND COSINES. 



131 





1 

2 

a 

6 

7 

10 

11 
12 
13 
14 
15 
1ft 
37 

la 
10 

30 

SI 
23 
S3 
5!4 

3S 
S6 
37 
S3 
23 
30 

SI 
S2 
S.1 

at 

35 
30 
37 
SS 
39 
4& 

it 

■li 
43 
44 

45 
40 
47 
43 
43 
50 

51 

r^ 

fi3 
51 
&5 
» 
57 
6S 
59 

m 



n- 






.42541J 
.433(57 



.ei20 
,43473 



43578 
.43301 



.42709 
42730 



.4S815 
,43841 



.428&I 
4S9S0 
!4S&4fl 
.43973 



,4303S 
43051 

43077 
.43104 
.43130 
.43156 
.43132 



,43935 

.43951 
,41287 
.43313 

,43340 
.43300 



.43418 
,43445 
.43471 
,4Si97 
.43383 
.4^(519 
.43575 

AW2 
,4Jti28 
.43054 
.43030 
,43700 
.43733 
.4375» 
,43785 
.43811 
.43837 



CosAu 



■floeai 

,1M»18 
.MflDQ 
fl05&4 
00583 
90509 
905B7 
«15i3 



1KS5S0 

.mm 

90435 
W4S3 
004ra 
90458 
90440 



.WI06 



,90383 

.90371 
.00330 
,90340 
.00331 



,90300 
.90300 
mm 
&JS71 



SO340 
.00333 
.603311 
,90203 
.90190' 
.00183 
,90in 
.90158 
,90140 
.00133 

.901SQ 
.OOIOB 
.00005 
,90083 

oooro 

.00057 
,90045 
.90033 
,00019 
.00007 

.flOOM 
.8\«JSli 



,fi9950 
.80013 
,89930 



,8^005 
.80879 



03«ln Sine 



Bine 
.43H37 
.43003 
.43880 



.43019 
.43943 



,44030 
.44040 
.4^07^ 
.41008 

,44134 
,44151 
.44177 
,44203 
.44339 
,44256 
.44SS1 
.4-1307 
.44033 
.-41350 

.44385 
.44-111 
,44137 
.4W04 
,444D0 
.44510 
.41542 
,44568 
.44501 
.44030 

^44010 
.44(172 
.41{;GS 

.4471)0 
,4'IT70 
,44803 
.44838 
,44H.>1 
.418^0 

.44300 
.44933 
.4^1058 
.449^ 
.4ri0l0 
.45000 
,45053 
,45068 
,45114 
,45140 

.45100 

.45218 
.45343 
.45:300 
.45311I5 
,45321 
,45347 
,45373 
.45339 



CoRin 
:8U879 
.80807 



sesti 



.80810 
.80803 

.8OT90 
80377 
80704 

S9730 

83n3 

89700 

: 80667 
,^^074 



&0C30 



8^07 
81>5B4 

8a-}7i 

80553 
89515 
80533 
89519 

mm 

8O403 

e0480 
(1941 J7 
80454 

Bota 

.804;28 
.80115 

.S94q>3 

m'm 
.e:]ro 

.aU3G3 

mm 

,83337 

mm 

mm 

.89209 
.83355 
,83273 
.80350 
.89245 
.80333 

.80210 
.8; 1206 
.&y!33 

.80167 
.89153 
.89140 
.80127 
.80114 
.80101 






27" 



Bine 
.453W1 
.45425 
.45151 
.45177 



.4KS54 

.45580 



.80101 
,89087 

.80001 

.80035 
,890il 
.80008 



.450^ 



.450CB 

;45dSl 
.45710 
.457W 
.-45703 
.45787 
.45813 



,4rv%5 

Amj 

f459S 

Armn 

.4:994 
.4G020 
.4(kT10 
.4G073 
.40097 
.40123 
.40140 
.40175 

! 40301 
.40330 
.40253 
.40318 
.40304 

.40355 
.4fn31 

,4f^()7 
.4^^433 

,40458 

Aij-m 

.405X0 
,40530 
,40501 

.40537 
.4GU13 
.400^ 

I ,400&1 
.40^90 

.40710 
.40742 
.40707 
,40733 
.40§19 
.4^844 
.40870 
.40890 
,46021 
.40947 



Coain 



88981 



.89955 
.83042 



855873 



mm 

,88835 

8^23 

Bt'^^SOS 

:.H!^705 

,8S783 
,&S763 
,8S7B5 
.83741 



.88728 
89715 
88701 

'mj83 
.83074 
.88061 
.88047 
,88034 



.88007 
.88533 
8iW10 
.88500 



,&^;339 

,88512 
.68400 



.8»175 
.88453 

.88131 

.8^n 
.88404 
-88300 
.88377 



.88340 

.88322 
.88.30H 

^In© 



es- 



28 


1 


&9 


= 


1 
60 ' 


Sine ICoflin 


.4B4K1 


.87462 


.4^7 ',882^51 


.40^jr3L&838l 


.4850*) .87448 


50 


.40099 


.B8207 


.4&53U 


.87434 


58 


.47034 


.SSSS4: 


-48557 


.87430 


57 


,47050 


,88240; 


.48.^83 


.B7405 


50 


.47078 


,88^ > 


.48008 


.87301 


55 


,47101 


.882131 


.48034 


.87377 


54 


.47137 


.881S0 


.48050 


.87303 


53 


,47153 


.88165 


.48634 


.87X19 


5a 


:4717a 


.^73 


.48710 


,87335 


51 


,47204 


,&eioe. 


.48735 


.87331 


50 


'4^m 


:ffii44l 


,48701 


.87306 


40 


,4T255 1.88130 


.48780 


.S7203 


43 


L4TaSl 


,88117 


.48811 


.8727? 


47 


.47300 


,88103 


.48337 


.87264 


40 


Aidm 


.eS08fl 


.488^ 


.83250 


45 


,47858 


,88075 


.48388 


.87^5 


41 


.47383 


.88062 


.48013 


.87221 


43 


.47409 


.88048 


,48038 


.8rao7 


42 


.474.34 


.88031 


43964 


.mm 


41 


J7400 


.BSOtS) 


.4808^ 


,87153 


40 


^480 


.8^000 


.40014 


.87104 


30 


'.47511 ,8701)3 


.49010 


.87160 


38 


^,47537,. ti7i)'.lJ 


.40005 


.snso 


37 


■ 47502, ST905 


.40090 


.87121 


36 


:4T5S8!.8TgSl 


.40110 


.^no7 


33 


.47014 


.87037 


.49341 


.87003 


31 


.47B30 


.87933 


,491(30 


.87070 


3ii 


,41605 


.8TOO0 


Am'J2 


.87004 


33 


.471590 


.87806 


.49S17 


.87050 


31 


,47716 


.878S2 


.40212 


.87030 


30 


f4774! 


.87808 


.40268 


.87031 


20 


.477G7 


.8785.1 


.40293 


.87007 


33 


,47703 


.87840 


.40318 


.84;tKKJ 


27 


.47818 


.87820 


.4m^M 


.80078 


26 


,4TS44 


.87813 


,49300 


.80004 


35 


.47H;& 


.877'^^ 


.40304 


.80040 


24 


.4780S 


.S7iHi 


.49410 


.80935 


93 


.47030 


.8TT70 


.494-15 


,80031 


23 


.479'iG 


.ST75fl 


, .40470 


.80000 


£1 


,470n 


.87713 


1.40405 


,80303 


20 


,47097 


.sn20 


.40521 


.80878 


19 


.43022 


.87715 


.49&40 


.80803 


18 


.4301R 


.8i'V01 


.49571 


.80840 


37 


. 48073 '.S7CS7 


|.49GS0 


.8(V8M 


10 


.430mt .S;(ji^ 


, .40003 


,B0£20 


16 


.43124 .87059 


.49647 


.608C» 


14 


.43150,. 87045 


'.49072 


.80701 


13 


,481^ .87631 


.49097 


.tV>777 


23 


.48301 1 .87U17 


.49723 


.80702 


U 


,4a3^ 


.67003 


.4074H 
.40773 


.80743 


10 


.48352 


.8^0 


M"m 


9 


.483rr 


.8(^75 


1 .40*08 


M71Q 


8 


.48303 


.8^61 


l.40?2* 


.H6704 


7 


,48338 


.87M0 


,40840 


.80KMJ 





.4H354 


.87532 


.40874 


,80675 


5 


.4^71> 


.S7T.13 


,4080S> 


.80001 


4 


.48405 


.8r.'itv| 


.45^21 


.804Vi6 


a 


.'mm 


.e74[J0 


.40050 


,6fM«t^ 


3 


.4at56 


.87470 


.49975 


.8*3017 


1 


.4FLt8l L87402 


.fiOOOO 


,8!fiO03 


j> 


Cousin 1 Bine 


1 


^Ine 


t 


61= 


ei 


F 
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* 


30* t 


! 31* 1 


as^ 1 


' 59' 1 


W 


/ 


3lB« 


Cfl«in 


Sine 


Cosin 


Sine 'CoBin 


Sine 


OoGin! 


Slue tQofilii 


"0 


i .50000 


mm 


".515iS4 


.ti5717 


.52992 .848a'i 


.51401 


.83»(j7 


.5KJI9 


.82904 


W 


1 


,50(*S.5 


,tifi5ij8 


.51539 


.85703 


.53017 .81789 


.54488 


.83851 


.ed&43 


.82887 


6d' 


£ 


.W<K^> 


.86673 


.61561 


.85687 


.6;^>lli. 84774 


.5151;* 


.83835 


.55908 




68 


B 


.50076 


.8G569 


,51570 


.85672 


,6a006i. 84709' 


.54537 


.8^10 


.5501^2 


828ri5 


67 


4 


.SOlOl 


.80544 


.Slfiftf 


.81^7 


.63091 


.8174,^ 


.M5{il 


.8':804 


,56016 


^83839 


66 


5 


.60126 


.85590 


.51028 


.^542 


,68115 


.&4723 


.54580 


.saTpg 


.60040 


.82820 


^ 


6 


.50151 


.83515 


.Blfl53 


.85627 


-58140 


.&1712 


.64010 


.}^7T^ 


.50064 


.863806 


64 


7 


.60l':6 


.gC501 


.61678 


.8561^ 


.631(54 


,84097 


.610^.3 


.837:»6, 


.50088 


,^790 


53 


8 


.60S0T 


M>^^ 


.M7oa 


.85597 


.63189 


.6408! 


.6411.J0 


.8,3740- 


.50113 


.62773 


52 


fi 


.X^^^Ti 


mm 


.M?:s^ 


.8s.'i8!a 


.63214 


.&JO<ifl 


.616^3 


.&"17^1 


.56136 


,fe'757 


51 


lOj 


.50e5!2 


.06457 


.51753 


.&J5ff7 


.&;ii3i 


.81050 


.64708 


.83708 


.60160 


.62741 


60 


11 


.60277 


.B644S 


.BlTre 


.3S&51 


.5^-263 


.84035; 


.64732 


,83092' 


.60164' 


.83734 


49 


12 


.sogoij 


m^ 


.51803 


.K>.^0 


.5;i:Jt>S. 


,S4(>lS)i 


.5J7rj<] 


.ft^nfi 


,50208 


.82708 


43 


13 


.6oaw 


M^\% 


.518^ 


,85521 


.6,1-312 


.6H»1 


.61781 


.830(i0 


,662S3 


.820CK 


47 


Si 


.soa-ia 


.86398 


.B18r.iJ 


.85600 


,53;i?]7 


.84588' 


.51805 


.KJ[H5 


1,50250 


.83073 


40 


16 


.60ff7T 


.m^ 


.61877 


.8S4B1 


.63:^01 


.&i^^73 


.64«29 


.83(329 


'.50280 


.83659 


45 


16 


.5Mn3 


.80300 


.&190@ 


.86476 


.5,3;J.sU 


,Srj57 


.&18.'>1 


,83613 


,56305 


.82643 


a 


17 


.50428 


.80^ 


.610^7 


,B6iet 


,63111 


Mr^n 


.54Ji!7H 


.8331)7 


' .50329 


.^26 


43 


18 


.604f.^ 


.Sa'MO 


.61953 


.85446 


.&^4^L.5 


.fti-20 


.6^1902 


.mm 


1.60353 


.82610 


43 


1« 


.50478 


.sts^ 


.51977 


.^VA 


,5311X) 


.84^11 


.W927 


:i'^m 


1,50377 


.mm 


41 


90 


,6050a 


.aosio 


,6S0C« .S511(J| 


.6^1^ 


.&4^11>5 


,64951 


.S3:>19i 


.60401 


,eS577 


40 


SI 


.mm 


ftBogs 


.63026 


.BMOt 


.6^500 


.&tI80 


I.&4975 


.a3.')33 


mm 


.eesei 


39 


3^ 


.5065d 


.K(3^i 


.Km^x 


.m^ 


,5;rK^l 


.8i4(;i 


.619C10 


.8^:^17 


.50449 


.S26t4 


3:i 


1© 


.50578 


.H0306 


.52070 


.85370 


,r>:jai8 


.84143 


, .650.^4 


.83.101 


.6frt73 


.82538 


37 


^ 


.soaos 


.ms^\ 


.BiJIOl 


.K^^ 


,63o33 


,814^3 


.6o0i;:i 


.83-m 


.WUQ7 


.B^n 


86 


»6 


.50038 


.sflssr 


.5S120 


.esajo 


.53007 


.84il7 


,6.5072 


.8;iJ09 


.665i,>l 


,83495 


35 


St> 


.50064 


.8fi3l^ 


.62151 


.65325 


.63C>?5 


.Sl4a2 


.550y7 


.83453 


.66545 


,82478 


34 


ST 


.5oarfl 


.815307 


-52175 


.85510 


,53yj6 


.843^ 


-65131 


.83437 


.56Mr9 


.62463 


33 


£8 


.mm 


.»n9? 


.6S200 


.85304 


,53081 


.84370; 


,65145 


.8^131 


.56503 


.83446 


32 


21} 
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